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Chapter 1
Di stributions
Cui delines for Frequency Distributions

The procedure for constructing a grouped frequency distribution can be
summarized in terns of the follow ng steps and gui delines.

Step 1. Choose the width (i) of the class intervals. First, find the range of
scores by subtracting the | owest score in your distribution fromthe highest, and
addi ng one (i.e., range = highest score - |owest score + 1). Then divide the range
by a convenient class width (a multiple of 5, or a nunber less than 5, if
appropriate), and round up if there is any fraction, to find the nunber of intervals
that would result. If the nunber of intervals is between 10 and 20, you have found
an appropriate width; otherwi se, try another convenient value for i. On the other
hand, an external criterion mght dictate the size of the class intervals (e.g.,
assigning letter grades based on predeterm ned scores).

Step 2. Choose the apparent linmts of the lowest interval. The |owest interval nust
contain the lowest score in the distribution. In addition, it is strongly suggested
that the lower Iimt or the upper limt be a nultiple of the chosen interval w dth.

Step 3. Al the class intervals should be the sane size. Wrk upwards fromthe
lowest interval to find the renmaining intervals (stop when you reach an interva

that contains the highest score). Taking into consideration the real limts of the
intervals, nake sure that no two intervals overlap, and that there are no gaps
between intervals (the real limts are half a unit of nmeasurenent above or bel ow the
apparent limts).

Step 4. Count the nunber of scores that fall between the real linmts of each
interval. The frequency count for each interval is witten next to the linmts of
that interval

I f the nunber of possible scores between the highest and | owest scores in the
distribution is less than 20, a sinple (i.e., ungrouped) frequency distribution nmay
suffice. Furthernore, in sonme cases it may be desirable to have sonmewhat | ess than
10 or sonmewhat nore than 20 intervals. Judgrment nust be used to determne the
intervals that result in the nost infornmative description of the data. Once a
grouped frequency distribution has been constructed, it is easy to derive the
following related distributions:

1. Relative frequency distribution. Divide each entry of the grouped frequency
distribution by N (the total nunber of scores in the distribution = Ef). The sum of
the entries should equal 1.0.

2. Cumul ative frequency distribution. The cf entry for the |lowest interval is just
the frequency of that interval. The curnul ative frequency for any higher interval is
the frequency of that interval plus the cumul ative frequency for the next | owest
interval. The highest entry should equal N

3. _Cunulative relative frequency distribution. Divide each entry of the cumul ative
frequency distribution by N The highest entry should equal 1.0.

4. Cumul ative percent frequency distribution. Miltiply each entry in the cunul ative
relative frequency distribution by 100. The highest entry should equal 100%

W will apply the above procedures to an exanple. Suppose you are studying
eating disorders in wonmen, and want, as a basis for conparison, to know the weights
for a random group of coll ege-aged wonen of average height. The weights, in pounds,
for 50 hypothetical wonmen appear in an array (Table 1.1) bel ow.



Table 1.1

171 166 157 153 151 149 147 145 143 142
140 137 137 135 135 134 134 132 131 131
128 128 127 126 126 126 124 124 123 122
122 121 120 120 119 119 118 117 117 116
115 114 114 113 112 110 108 105 102 97
Step 1. The range of scores equals 171 - 97 + 1 =74 + 1 = 75. For i = 10, the
nunber of intervals would be 75/10 = 7.5, which rounded up equals only 8.
For i =5, 75/5 = 15. Because 15 is between 10 and 20 we will use i = 5.

Step 2. The lowest interval could be 95 - 99, as 95 is a nultiple of i, and the
width of the interval is (subtracting the real linmits) 99.5 - 94.5 =5

(96 - 100 could also be the lowest interval, as 100 is a multiple of i, but it seens
easier to have the lower limt divisible by i).

Step 3. The next interval above 95 - 99 is 100 - 104, and so on until the highest
interval, which is 170 - 174, because this interval contains the highest score
(174).

Step 4. Next to each interval, tally narks can be nmade to indicate how many of the
scores in Table 1.1 fall in that interval. The sumof the tally marks is the
frequency for that interval, as shown in Table 1.2.

Table 1.2 shows the grouped frequency distribution for the 50 wei ghts, al ong
with relative (rf), cunulative (cf), cumulative relative (crf), percent frequency
f)

pf), and cunul ative percent frequency (cpf) distributions.
Table 1.2

I nterval f rf cf crf pf cpf
170 - 174 1 .02 50 1.00 2 100%
165 - 169 1 .02 49 . 98 2 98
160 - 164 0 0 48 . 96 0 96
155 - 159 1 .02 48 . 96 2 96
150 - 154 2 .04 47 .94 4 94
145 - 149 3 . 06 45 .90 6 90
140 - 144 3 . 06 42 . 84 6 84
135 - 139 4 . 08 39 .78 8 78
130 - 134 5 .10 35 .70 10 70
125 - 129 6 .12 30 . 60 12 60
120 - 124 8 .16 24 .48 16 48
115 - 119 7 .14 16 .32 14 32
110 - 114 5 .10 9 .18 10 18
105 - 109 2 .04 4 .08 4

100 - 104 1 .02 2 . 04 2 4
95 - 99 1 .02 1 .02 2




Cui deli nes for G aphs

1. The Y-axis should be only about two-thirds as |ong as the X-axis.

2. For frequency distributions, the variable of interest is placed along the
X-axis, while the frequency counts (or relative frequency) are represented al ong
the Y-axis.

3. The intersection of the X- and Y-axes is the zero point for both dinmensions.
4. The nmeasurenent units are equally spaced along the entire Iength of both axes.

5. Choose a scale to represent the nmeasurenent units on the graph (e.g., one pound
equal s one-tenth of an inch) so that the histogramor polygon fills the space of the
graph as nuch as possible. Indicating a break in the scale on one or both axes my
be necessary to achieve this goal

6. Both axes should be clearly |abeled, and each |abel, including the name of the
vari abl e and unit of measurenent, should be placed parallel to the axis.

Central Tendency and Variability

Advant ages and Di sadvantages of the Major Measures of Central Tendency
Advant ages of the Mode:

1. Easy to find.

2. Can be used with any scal e of neasurenent.

3. The only measure that can be used with a nom nal scale.

4. Corresponds to actual score in the distribution

D sadvant ages of the Mdde (the followi ng apply when the node is used with ordinal or
interval/ratio data)

1. Cenerally unreliable, especially when representing a relatively snal
popul ation (can change radically with only a mnor change in the distribution).

2. Can be msleading; the node tells you which score is nost frequent, but
tells you nothing about the other scores in the distribution (radical changes can be
made to the distribution wthout changing the node).

3. Cannot be easily used in conjunction with inferential statistics.

Advant ages of the Medi an:

1. Can be used with either ordinal or interval/ratio data

2. Can be used even if there are open-ended categories or undeterm nabl e
scores on either side of the distribution

3. Provides a good representation of a typical score in a skewed distribution
is not unduly affected by extrene scores.

4., Mnimzes the sumof the absolute deviations (i.e., the sumof score
di stances fromthe nedian -- ignoring sign -- is less than it would be from any
other location in the distribution).

D sadvant ages of the Medi an:

1. May not be an actual score in the distribution (e.g., if there are an even
nunber of scores, or tied scores in the mddle of the distribution).

2. Does not reflect the values of all the scores in the distribution (e.g., an
extrene score can be noved even further out w thout affecting the nedian).

3. Conpared to the nmean, it is less reliable for draw ng inferences about a
popul ation froma sanple, and harder to use with advanced statistics.

Advant ages of the Mean:

1. Reflects the values of all the scores in the distribution

2. Has nany desirable statistical properties

3. Is the nost reliable for drawing i nferences, and the easiest to use in
advanced statistical techniques.
D sadvant ages of the Mean:

1. Usually not an actual score in the distribution

2. Not appropriate for use with ordinal data.

3. Can be m sl eadi ng when used to describe a skewed distribution.

4. Can be strongly affected by even just one very extreme score (i.e.
an outlier).




Advant ages and D sadvant ages of the M or Measures of Variability

Advant ages of the Range

1. Easy to calculate

2. Can be used with ordinal as well as interval/ratio data.
3. Enconmpasses entire distribution

D sadvant ages of the Range:

1. Depends on only two scores in the distribution and is therefore not reliable.
2. Cannot be found if there are undeterm nable or open-ended scores at either end
of the distribution.

3. Plays no role in advanced statistics.

Advant ages of the SIQ Range:

1. Can be used with ordinal as well as interval/ratio data.

2. Can be found even if there are undetermn nabl e or open-ended scores at either end
of the distribution.

3. Not affected by extreme scores or outliers.

Di sadvant ages of the Sl Q Range:
1. Does not take into account all the scores in the distribution
2. Does not play a role in advanced statistical procedures.

Advant ages of the Mean Devi ation

1. Easy to understand (it is just the average distance fromthe nean).
Provi des a good description of variability.

Takes into account all scores in the distribution.

Less sensitive to extrene scores than the standard devi ation

sadvant ages of the Mean Devi ation
This nmeasure is smaller when taken around the medi an than the nean.
Is not easily used in advanced statistics.
Cannot be cal cul ated with undeterm nabl e or open-ended scores.

D
Advant ages of the Standard Devi ation

. Takes into account all scores in the distribution.
D

Provi des a good description of variability.
Tends to be the nost reliable neasure.
Plays an inportant role in advanced statistical procedures.

sadvant ages of the Standard Deviation
Very sensitive to extrene scores or outliers.
Cannot be cal cul ated with undeterm nabl e or open-ended scores.
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In order to illustrate the cal culation of the various neasures of variability,
we will present hypothetical data for the follow ng situation. You are a ninth-grade
Engli sh teacher, and during the first class of the Fall term you ask each of your
12 pupils how many books he or she has read over the sunmer vacation, to give you
sonme idea of their interest in reading. The responses were as foll ows:

3, 1, 3, 3, 6, 2, 1, 7, 3, 4, 9, 2.

Putting the scores in order will help in finding some of the measures of
variability:

1, 1, 2, 2, 3, 3, 3, 3, 4, 6, 7, 9.

The Range. The range is the highest score mnus the | owest. The nunber of books
read ranged from1l to 9, sorange =9 - 1 = 8. |If the scale is considered continuous

(e.g., 9 books is really anywhere between 8 1/2 and 9 1/2 books), then range = upper
real limt of highest score minus lower real limt of the |owest score = 9.5 - 0.5 =
9.

Interquartile Range. Wth such a small set of scores, grouping does not seem
necessary to find the quartiles. Because N = 12, the 25th percentile is between the
third and fourth scores. In this case, the third and fourth scores are both 2, so Q,
= 2. Sinmlarly, the 75th percentile is between the ninth and tenth score, which are
4 and 6, so @ =5. The IQrange = Q - Q = 5-2 =3.




Sem -interquartile Range. The SIQ range
range. For this exanple, SIQ range = 3/2

(Q - Q)/2, which is half of the IQ
1.5

Mean Deviation. This is the average of the absolute deviations fromthe nmean. The
mean for this exanple is - = EXYN = 3.67. The nmean deviation is found by applying
Formula 1.2 to the data:

Z|X1‘L1| 1
M. D. = —— = —[|-2.67|+|-2.67|+|-1.67|+|-1.67|+|-.67]|+
N N
|—.67|+|—.67|+|—.67|+|.33|+|2.33|+|3.33|+|5.33|]=i%[23.66]=1.97

Sum of Squares. This is the sumof the squared deviations fromthe nean, as found by
the nunerator of Formula 1.3:

35 = DX, - p)?= (-2.67)%+(-2.67)%+(-1.67)% +...+(2.33)%+(3.33)%+(5.33) %

=7.13+7.13+2.79+2.79+.45+.45+,.45+.45+.11+5.44+11.11+28.44 = 66.75

Variance. This is the average of the squared deviations fromthe nean, as found by
Formul a 1. 3:

Standard Deviation. This equals the square-root of the variance as given by Formul a
1.4. For this exanple, F = %5.56 = 2. 36.

Unbi ased Sanple Variance (from Chapter 2). If the 12 students in the English class
were considered a sanple of all ninth graders, and you wi shed to extrapolate from

the.sanplezto the popul ation, you would use Formula 2.4 to cal cul ate the unbi ased

variance s<:

T (X.-X)?
s? = - - 56.75 6.068
N -1 11

Unbi ased Standard Deviation From Chapter 2. This equals the square-root of the
unbi ased variance as given by Fornula 2.5. For this exanple, s = %6.068 = 2. 46.

St andar di zed Scores and the Normal Distribution

If a variable is normally distributed and we know both the nean and standard
devi ation of the population, it is easy to find the proportion of the distribution
that falls above or bel ow any raw score, or between any two raw scores. Conversely,
for a given proportion at the top, bottom or mddle of the distribution, we can
find the raw score or scores that formthe boundary of that proportion. W wll
illustrate these operations using the height of adult fenmales as our variabl e,
assuming - = 65", and F = 3".

Using z-scores with the Normal distribution

I. The proportion (and PR) below a given rawscore: (W will not describe a
separate procedure for finding proportions above a given raw score, because once a
drawi ng has been nade, the procedure should be clear. In any case, one can al ways
find the proportion above a score by first finding the proportion below, and then
subtracting from1.0).




Exanmpl e A: What proportion of adult wonen are | ess than 63" tall?

Step 1. Find the z-score (using Formula 1.6).

o} 3 3

Step 2. Draw the picture (including vertical lines at the

approxi mate z-score, and at the nean). Wen the z-score is negative,
the area below (i.e., to the left of) the z-score is the area beyond z
(i.e., towards the tail of the distribution).

Step 3. Look in Table A1 W look up .67 (ignoring the ninus
sign) in the z-colum, and then |ook at the entry under "area beyond."
The entry is .2514, which is the proportion we are | ooking for.

Step 4. Multiply the proportion below the score by 100 if
you want to find the PR for that score. In this exanple,
PR = .2514 * 100 = 25.14%

Exanpl e B: What proportion of adult wonen are | ess than 66" tall?

Step 1. Find the z-score.

Step 2. Draw the picture.

When the z-score is positive, the area bel ow the z-score
consists of two sections: the area between the nmean and z,
and the area below the nean (the latter always equals .5).

Step 3. Look in Table A1 The area between the nean and z
for z = .33 is .1293. Adding the area bel ow the nean we get
.1293 + .5 = .6293, which is the proportion we are |ooking for

Step 4. Multiply by 100 to find the PR In this case, the
PR for 66" = .6293 * 100 = 62.93%

Il. The proportion between two raw scores.

Exampl e A: What is the proportion of adult wonen between 64" and 67" in height?

Step 1. Find the z-scores.

Step 2. Draw the picture.

When the z-scores are opposite in sign (i.e., one is above the nean
and the other is below), there are two areas that must be found

the area between the nean and z for each of the two z-scores.

Step 3. Look in Table A1 The area between the nean and z is
.1293 for z = .33, and .2486 for z = .67. Adding these we get
. 1293 + .2486 = . 3779, which is the proportion we are |ooking for.

Exanpl e B: What proportion of adult wonen is between 67" and 68" tall?

Step 1. Find the z-scores.




Step 2. Draw the picture.

VWhen both z-scores are on the same side of the nean, which
requires us to find the area between the nean and z for each
and then subtract the two areas.

Step 3. Look in Table A 1 The area between the nean and z

is .2486 for z = .67 and .3413 for z = 1.0. Subtracting

we get: .3413 - .2486 = .0927, which is the proportion we
are |looking for. (Note: You cannot subtract the two z-scores
first and then | ook for the area; this will give you the
wWrong area).

I1l. The raw score(s) corresponding to a given proportion. (Because we are starting
with a raw score and | ooking for a proportion, the order of the steps is different.)

Exanpl e A: Above what height are the tallest 10% of adult wormen?

Step 1. Draw the picture. Shade in the top 10% we want to
know the z-score for which the area beyond is 10% or .1000.

Step 2. Look in Table A.1 Looking in the "area beyond” col um
for .1000, the closest entry is .1003, which corresponds to

z = +1.28. (If we were |ooking for the bottom 10% 2z would
equal -1.28.)

Step 3. Find the raw score (solving Formula 1.6 for X)
X=2zF + 1 = +1.28(3) + 65 = 3.84 + 65 = 68.84
The tallest 10% of adult wonen are those that are 68.84" or taller

Exanpl e B: Between which two heights are the niddle 90% of adult wonen?

Step 1. Draw the picture. Subtract 90% from 100% which equals 10%
to find the percentage in the tails. Then divide this percentage
in half to find the percentage that should be shaded in each tail.
Thus, we need the z-score for which the area beyond is 5% or .0500.

Step 2. Look in Table A.1 W cannot find .0500 in the "area
beyond"” columm, but it is halfway between 1.64 (.0505) and

1.65 (.0495), so we will say that z = 1.645. Note that we want is
both z =+1.645 and z = -1. 645.

Step 3. Find the raw scores.

X = +1.645(3) + 65 = +4.94 + 65 69. 94

X = -1.645(3) + 65 = -4.94 + 65 60. 06

The m ddl e 90% of adult wonen are between 60. 06" and 69.94."

Definitions of Key Terns

Array - A list of scores in nunerical order (usually from highest to | owest).
Sinple Frequency Distribution - Alist of all possible scores fromthe highest to
the lowest in the group, together with a frequency count for each possible score.
Class Interval - A range of scores that represents a subset of all the possible
scores in a group

Apparent Limts - The | owest score value included in a class interval is called the
lower apparent limt, and the highest score value is the upper apparent linit.

Real Limts - |If the scores in a distribution have been neasured for a conti nuous
variable, the lower real limt is one-half of a neasurenent unit bel ow the | ower
apparent limt, and the upper real lint is one-half of a neasurement unit above the

upper apparent linmt.

Grouped frequency distribution - Alist of (usually equal-sized) class intervals
that do not overlap, and together include all of the scores in a distribution
coupled with the frequency count associated with each class interval

Cunul ative frequency distribution - A distribution in which the entry for each




score (or interval) is the total of the frequencies at or below that score (or
interval).

Cunul ati ve percentage frequency distribution - A cunulative distribution, in which
each cunul ative frequency is expressed as a percentage of the total N (i.e., the
curmul ative relative frequency is multiplied by 100).

Percentile Rank (PR) - The PR of a score is the percentage of the scores in the
distribution that tie or fall belowthat score (i.e., the PRis the cunulative
percent age associated with that score).

Percentile - A score that has a specified PR (e.g., the 25th percentile is the score
whose PR is 25). O nobst interest are deciles (e.g., 10% 20% etc.) or quartiles
(25, 50, or 75%.

Bar graph - A graph in which vertical bars represent values on a discrete scale, and
adj acent bars are kept separate. \Wen representing a frequency distribution, the

hei ghts of the bars are proportional to the frequencies of the correspondi ng val ues.
Frequency histogram - A bar graph of a frequency distribution in which the variable
of interest is considered to be continuous, and therefore adjacent bars touch (each
bar extends horizontally fromthe |ower to the upper real |linmt of the score or

i nterval represented).

Frequency polygon - A graph of a frequency distribution for a continuous vari abl e,
in which a point is drawmn above the m dpoint of each interval (or score) at a height
proportional to the correspondi ng frequency. These points are connected by straight

[ ines, which are connected to the horizontal axis at both ends of the distribution
Cumul ati ve frequency polygon - Also called an ogive, this is a frequency polygon, in
whi ch the points represent cumul ative frequencies, and are drawn above the upper
real limt for each interval (or score).

Theoretical Distribution - A distribution based on a nathenmatical fornula, which a
particul ar frequency polygon may be expected to resenbl e.

Exploratory Data Analysis (EDA) - A set of techniques devised by J.W Tukey (1977)
for the purpose of inspecting one's data before attenpting to summari ze or draw
inferences fromit.

Stem and-| eaf Display - One of Tukey's EDA met hods which resenbl es a frequency
distribution, but without losing the identity of the raw scores. Leading digits form
the vertical stem while trailing digits formthe horizontal rows (or "leaves"). The
length of each row is proportional to the frequency corresponding to the |eading
digit, so that this display resenbles a frequency histogramon its side.

Central Tendency: The location in a distribution that is nost typical or best
represents the entire distribution

Arithrmetic nean: This is the value obtained by sumring all the scores in a group (or
distribution), and then dividing by the nunber of scores sumred. It is the nost

fam liar neasure of central tendency, and is therefore referred to sinply as "the
mean" or the "average."

Mode: The nost frequent category, ordinal position, or score in a population or
sanpl e.

Uni nodal : describing a distribution with only one major peak (e.g., the normal
distribution is uninodal).

Bi nodal : describing a distribution that has two roughly equal peaks (this shape
usual ly indicates the presence of two distinct subgroups).

Medi an: This is the location in the distribution that is at the 50th percentile;
hal f the scores are higher in value than the nmedian while the other half are | ower.
Skewed distribution: A distribution with the bulk of the scores closer to one end
than the other, and relatively few scores in the other direction

Positively skewed: describing a distribution with a relatively snmall nunber of
scores much higher than the majority of scores, but no scores much | ower than the
majority.

Negatively skewed: opposite of positively-skewed (a few scores nuch | ower than the
maj ority, but none much higher).

Open-ended cateqgory: This is a measurenent that has no limt on one end (e.g., 10 or
nore) .

Undet erm nabl e score: A score whose val ue has not been neasured precisely but is
usual |y known to be above or below sone linit (e.g., subject has three mnutes in
which to answer a question, but does not answer at all).

Box- and- whi sker plot: Al so called boxplot, for short, this is a technique for

expl oratory data anal ysis devi sed by Tukey (1977). One can see the spread and
symmetry of a distribution at a glance, and the position of any extreme scores.

H nges: These are the sides of the box in a boxplot, corresponding approxinately to
the 25th and 75th percentiles of the distribution

H spread: The di stance between the two hinges (i.e., the width of the box) in a
boxpl ot .




I nner fences: Locations on either side of the box (in a boxplot) that are 1.5 tines
the H spread from each hinge. The di stance between the upper and | ower inner fence
is four tinmes the H spread.

Adj acent val ues: The upper adjacent value is the highest score in the distribution
that is not higher than the upper inner fence, and the | ower adjacent value is
simlarly defined in terns of the |ower inner fence of a boxplot. The upper whisker
is drawn fromthe upper hinge to the upper adjacent value, and the |ower whisker is
drawn fromthe | ower hinge to the | ower adjacent val ue.

Qutlier: Defined in general as an extrene score standing by itself in a
distribution, an outlier is nore specifically defined in the context of a boxplot.
In terns of a boxplot, an outlier is any score that is beyond the reach of the

whi skers on either side. The outliers are indicated as points in the boxplot.

Range: The total width of the distribution as nmeasured by subtracting the | owest
score (or its lower real limt) fromthe highest score (or its upper real linmt).
Interquartile (1Q Range: The width of the mddle half of the distribution as
neasured by subtracting the 25th percentile (Ql) fromthe 75th percentile ().

Sem -interquartile (SIQ Range: Half of the I1Q range -- roughly half of the scores
in the distribution are within this distance fromthe nedi an

Devi ati on Score: The difference between a score and a particular point in the
distribution. Wen we refer to deviation scores, we will always nmean the difference
between a score and the nean (i.e., X, - I).

Absol ute Val ue: The magni tude of a nunber, ignoring its sign; that is, negative
signs are dropped, and plus signs are left as is. Absolute deviation scores are the
absol ute val ues of deviation scores.

Mean Devi ation: The nmean of the absolute deviations fromthe mean of a distribution
Sum of Squares (SS): The sum of the squared deviations fromthe nean of a

di stribution.

Popul ation Variance (F): Also called the mean-square (MS), this is the nean of the
squared deviations fromthe nmean of a distribution

Popul ation Standard Deviation (F): Sonetines referred to as the root-nmean-square
(RVMS) of the deviation scores, it is the square-root of the popul ation variance.
Definitional Fornula: A formula that provides a clear definition of a sanple
statistic or population paranmeter, but nay not be convenient for conputationa
purposes. In the case of the variance or standard deviation, the definitiona
formula is also called the deviational fornmula, because it is based on finding

devi ation scores fromthe nean.

Comput ati onal Fornula: An algebraic transformation of a definitional formula, which
yi el ds exactly the same val ue (except for any error due to internediate roundi ng

of f), but reduces the anount or difficulty of the cal cul ations invol ved.

Kurtosis: The degree to which a distribution bends sharply fromthe central peak to
the tails, or slopes nore gently, as conpared to the normal distribution
Leptokurtic: Referring to a distribution whose tails are relatively fatter than in
the normal distribution, and therefore has a positive value for kurtosis (given that
the kurtosis of the nornal distribution equals zero).

Platykurtic: Referring to a distribution whose tails are relatively thinner than in
the normal distribution, and therefore has a negative value for kurtosis.
Mesokurtic: Referring to a distribution in which the thickness of the tails is
conparable to the nornmal distribution, and therefore has a value for kurtosis that

i S near zero.

Raw score. A nunber that cones directly fromneasuring a variable, w thout being
transfornmed in any way.

St andardi zed score. A set of raw scores can be transformed into standardi zed scores
by a sinple formula, so that the mean and standard devi ati on are conveni ent nunbers
and the shape of the distribution is not changed.

Z-score. A standardi zed score designed to have a nean of zero and a standard

devi ati on of one. The magnitude of the z-score tells you how nany standard

devi ations you are fromthe nmean, and the sign of the z-score tells you whether you
are above or bel ow t he nean.

Standard Normal Distribution. A normal distribution with a mean of zero and a
standard devi ation of one. Any nornmal distribution can be transfornmed into the
standard normal distribution by converting all the scores to z-scores.

Area under the curve. If you consider a range of values within a distribution
constructing vertical lines at each end of the range (or interval), the vertica
lines, the horizontal line, and the curve of the distribution will enclose an area
that is generally less than the entire distribution. The ratio of that area to the
entire distribution (defined as having an area of 1.0) tells you the proportion of
scores that fall within the given range of val ues.




Chapter 2

Hypot hesis testing can be divided into a six-step process. The six steps are
as follows:

State the hypot heses.

Sel ect the statistical test and the significance |evel.
Sel ect the sanple and coll ect the data.

Find the region of rejection

Cal culate the test statistic

Make the statistical decision

oukwNE

We pose the followi ng question for our exanple: Do red-headed peopl e have the
same 1Q as the rest of the population? Such a question can be answered definitively
only by measuring the 1Q of every red-headed individual in the popul ation
cal cul ating the nmean, and conparing that nean to the general popul ation nean. A
nore practical but |ess accurate way is to select a random sanpl e of red-headed
people and to find the mean of that sanple. It is alnost certain that the sanple
nmean will differ fromthe nmean of the general popul ation, but that doesn't
automatically tell us that the nean for the red-headed population differs fromthe
general popul ation. However, if the mean 1 Q of the red-headed sanple is far enough
fromthe nean of the general population, we can then conclude (at the risk of making
a Type | error) that the two popul ation nmeans are different. To determ ne how far
is far enough we need to follow the steps of a one-sanple z-test.

Step 1. State the hypot heses.
The easiest way to proceed is to set up a specific null hypothesis that we w sh
to disprove. |If the 1Q of the general population is 100, then the null hypothesis

woul d be expressed as follows: H,; - = 100. The conplenmentary hypothesis is called
the alternative hypothesis, and is the hypothesis we would |ike to be true. A two-
tailed alternative would be witten: H,; - .. 100; a one-tailed alternative would be
witten as: Hy - <100, or Hy :© > 100. Usually a two-tailed test is perforned

unl ess there is strong justification for a one-tailed test.

Step 2. Select the statistical test and the significance |evel.

We are conparing one sanple nean to a popul ati on nean, and the standard
devi ation of the population is known for the variable of interest, so it is
appropriate to performa one-sanple z test. Al pha is usually set at .05, unless
some special justification requires a larger or snmaller al pha.

Step 3. Select the sanple and collect the data.

A random sanpl e of the "special"™ population, in this case red-headed people, is
selected. The larger the sanple the nore accurate will be the results, but
practical limtations will inevitably limt the size of the sanple. Let us suppose
that you have neasured the 1Q for each of 10 randomni y-sel ected red-headed peopl e,
and the 10 val ues appear in the Table (2.1) bel ow

Table 2.1

106
111
97
119
88
126
104
93
115
108
EX = 1067

Step 4. Find the region of rejection

The region of rejection can be found in terms of critical z-scores -- the z-
scores that cut-off an area of the normal distribution that is exactly equal to
al pha (the region of rejection is equal to half of alpha in each tail of a two-
tailed test). Because we have set alpha = .05 and planned a two-tailed test, the
critical z-scores are +1.96 and -1.96. The regions of rejection are therefore the



portions of the standard nornmal distribution that are above (i.e., to the right of)
+1.96, or below (i.e., to the left of) -1.96

Step 5. Calculate the test statistic.

The first step is to calculate the nmean of the sanple, X. W add up the 10
nunbers to get the sumof X, which equals 1067 (as indicated in the above table).
Then we divide the sumby the size of the sanple, N, which equals 10. So X =
1067/10 = 106.7. |Inmrediately we see that the sanple nean is above the popul ation
mean. Had we planned a one-tailed test and hypot hesi zed that red-heads woul d be
less intelligent, we could not ethically proceed with our statistical test (to
switch to a two-tailed test after you see the data inplies that you are using an
al pha of .05 in the hypothesized tail and .025 in the other tail, so your actua
al pha woul d be the unconventionally high value of .075).

Because we planned a two-tailed test we can proceed, but to performthe one-
sanple z test we nmust know both the nmean and the standard devi ation of the
conpari son popul ation. The nmean |Q for the general popul ation, which is also the
mean specified by the null hypothesis is set at 100 (the average | Q score based on a
great deal of data is converted to 100). The standard deviation for |1 Q (Wechsler
test) is set to 15. Now we have all the values we need to use Forrmula 2.2 to get
the z-score:

, . X-m _106.7-100 _ 6.7 _ . .
o 15 4.74

/B /T0

In calculating the z-score for groups, there are only a few opportunities to
nmake errors. A comon error is to forget to take the square-root of N. Perhaps, an
even nore comon error is to leave N out of the fornmula entirely, and just divide by
t he popul ation standard deviation instead of the standard error of the nean.

Wt hout the square-root of N, the z-score for groups looks a lot |ike the ordinary
z-score for individuals, and students sometinmes conplain that they never know which
type of z-score to use. The following rule should be kept in mnd: if we are asking
a question about a group, such as whether a particular group is extrene or unusual
then we are really asking a question about the nean of the group, and should use the
z-score for groups (Formula 2.2). Only when you are concerned about one individua
score, and where it falls in a distribution, should you use the sinple z-score for

i ndi viduals (Formula 1.6).

Step 6. Make the statistical decision
If the z-score you cal cul ated above is greater in magnitude than the critica
z-score, then you can reject the null hypothesis. As al pha had been set to .05, we

woul d say that the results are significant at the .05 level. However, the
cal cul ated (sonetines called "obtained") z-score is for this exanple | ess than the
critical z, so we cannot reject the null hypothesis. It is sometinmes said that we

therefore "accept” the null hypothesis, but nost researchers seemto prefer stating
that we have insufficient evidence to reject the null hypothesis.

For the exanpl e nentioned above, rejecting the null hypothesis would have neant
concl udi ng that red-headed people have a nean I1Qthat is different fromthe genera
popul ation (based on your data you would, of course, indicate in which direction the
difference fell). However, because our cal cul ated z-score was rather small, and
therefore fell too near the middle of the null hypothesis distribution, we would
have to conclude that we do not have sufficient evidence to say that red-headed
people differ in IQfromthe rest of the popul ation
Note: For a review of confidence intervals for the popul ati on nean, see the next
chapter of this guide, where Cl's will be described in terns of the t distribution
(even though you don't really need the t distribution when dealing with very |arge
sanples, the t distribution always gives you the appropriate val ues, regardl ess of
sampl e size).

Definitions of Key Terns

Nul I Hypothesis: This is a specific hypothesis that we would |ike to disprove,
usual |y one which inplies that your experinental results are actually due entirely




to chance factors involved in randomsanpling. |In the one-sanple case the nul
hypot hesis is that the mean of your "special" or experinental population is the sanme
as the conparison popul ation

Al ternative Hypothesis: This hypothesis is usually not stated specifically enough to
be tested directly, but it is usually stated in such a way that rejecting the nul
hypothesis inplies that this hypothesis is true. It is related to the research
hypot hesi s which we want to prove.

One-tailed Test: The alternative hypothesis is stated in such a way that only
results that deviate in one particular direction fromthe null hypothesis can be
tested. For instance, in the one-sanple case, a one-tailed alternative hypothesis
m ght state that the "special" population nean is |arger than the conparison

popul ation nean. The sanple nean can then be tested only if it is larger than the
compari son popul ati on nmean; no test can be performed if the sanple nmean is snaller
t han the conparison popul ati on nean.

Two-tailed Test: The alternative hypothesis is stated in such a way that sanple
results can be tested in either direction. Al pha is divided in half; half of the
probability is placed in each tail of the null hypothesis distribution

Type | error: Rejecting the null hypothesis when the null hypothesis is actually
true and should not be rejected. This acts like a false alarm and can |ure other
experimenters into wasting tine exploring an area where there is really no effect to
find.

Type Il error: Accepting (or failing to reject) the null hypothesis when the nul
hypothesis is actually false and should be rejected. This is a "mss"; a rea

ef fect has been mi ssed, and other experinmenters nmay n stakenly abandon exploring an
area where a real effect is going on

p level: This is the probability that when the null hypothesis is true you will get
aresult that is at |east as extrene as the one you found for your selected sanple
(or experinmental group).

Alpha level: This is the percentage of type | errors you are willing to tolerate.
When the p level is less than the al pha level you are willing to take the chance of
nmaking a type | error by rejecting the null hypothesis.

Statistical Significance: The p level is |ow enough (i.e., below al pha) that the
nul | hypothesis can be ignored as an explanation for the experinmental results.
Statistical significance should not be confused with practical significance or

i mportance. Ruling out chance as an explanation for your results does not inply
that your results are strong enough to be useful or neani ngful

Test statistic: A conbination of sanple statistics that foll ows a known

mat hemati cal distribution and can therefore be used to test a statistica

hypot hesis. The z-score for groups is an exanple; it is a sanple statistic (i.e.
the sanple nean) and follows the standard nornmal distribution

Critical value: This is the value of the test statistic for which the p level is
exactly equal to the alpha level. Any test statistic larger than the critical value
will have a p level |less than al pha, and therefore lead to rejecting the nul

hypot hesi s.

Unbi ased Sanpl e Variance (s?): This fornula (i.e., SS/N-1), applied to a sanple,
provi des an unbi ased estimate of F°. Wien we refer in this text to just the "sanple
vari ance" (or use the symbol "s?') it is this fornula to which we are referring.

Unbi ased Sanpl e Standard Deviation (s): The square-root of the unbiased sanple

vari ance. Although not a perfectly unbiased estimate of F, we will refer to s (i.e.
%s®) as the unbi ased standard deviation of a sanple, or just the sanple standard
devi at i on.

Degrees of Freedom (df): The nunber of scores that are free to vary after one or
nore paraneters have been found for a distribution. Wien finding the variance or
standard devi ati on of one sanple, df = N1, because the deviations are taken from
t he mean, which has al ready been found.




Chapter 3
One-Goup t test

To illustrate the calculation of a one-group t-test and the construction of a
confidence interval, we ask you to inmagine the follow ng situation. [ Note: The one-
group t test was left out of the Essentials book, due to space limtations (it is
very rarely used); it is included here for conceptual conpleteness.]

An ant hr opol ogi st has just discovered a previously unknown group of hunmans
native to Antarctica. These "Antarcticans” have adapted to their cold climte, and
apparently function quite well at a body tenperature sonewhat bel ow that which is
consi dered nornmal for the rest of the human popul ation. The ant hropol ogi st wants to
know whet her the nmean body tenperature for the popul ation of Antarcticans is really
| ess than the nmean body tenperature of other hunmans. Let us suppose that 98.6° F is
t he popul ation nean (:) for humans in general, but that we do not have enough
information to establish the popul ation standard deviation (F). W wll also
suppose that the anthropol ogi st was able to take the tenperatures of only 9
Ant arcti cans. Because the anthropol ogist has a snall sanple size, and does not know
t he popul ation standard devi ation, she will have to performa one-sanple t-test.

The appropriate formula for this test requires that we calculate X and s
before proceeding. |If the nine tenperature neasurenents are as foll ows:

97.5, 98.6, 99.0, 98.0, 97.2, 97.4, 98.5, 97.0, 98.8

The net hods of the previous chapter can be used to find that X = 98.0, and s = .75.
Now we have all of the values that are needed to conmpute the t statistic (we wil
use Formula 2.2', replacing z with t and F with s):

. _X-n _98.0-98.6 _-.6 _ _,,
s .75 .25

J /s

To conplete the t-test, we need to know the critical value fromthe t
di stribution, so we need to know t he nunber of degrees of freedominvolved. For a
one-group test, df = N- 1; inthis case df =9 - 1 =8. For atw-tailed test with
alpha = .05, the critical t (fromTable A 2) = 2.306. Because this is a two-tailed
test the region of rejection has two parts -- one in each tail -- greater than
+2.306, or less than -2.306. The calculated t of -2.4 is less than -2.306, so the
calculated t falls in the rejection zone. Therefore we can conclude that the
di fference in body tenperatures between Antarcticans and ot her hunmans is
statistically significant (at the .05 level).

It cannot be over-enphasized that in order for this test to be valid, the
sampl e nust be truly an independent random sanple. If only the younger Antarcticans,
or the friendlier ones (could the friendlier ones be "warnmer?") are included, for
i nstance, the conclusions fromthis test would not be valid.

Because body tenperature is so tightly constrai ned by physiol ogi ca
requirements, it would be interesting to find any group of people that maintained a
di fferent body tenperature, even if the difference was fairly small. So the
concl usi on of the hypothesis test above would be of sonme interest in itself. But
scientists in several disciplines would probably want nore information; nmany woul d
want to know the nmean body temperature of all Antarcticans (:,). Based on the study
above, the point estimate for :, would be X = 98.0. However, there is a certain
amount of error associated with that estinmate, and the best way to convey the
uncertainty involved is to construct a confidence interval, as shown bel ow.

One-group Confidence Interva

The sanpl e size being small, and the popul ati on standard devi ati on unknown,
the appropriate fornmula is Fornmula 3.7. X has already been calculated (X = 98.0),



and sy is the denom nator of the t test cal cul ated above (s, = .25). If we choose
to construct a 95% Cl, we nust also find t_;, for df = 8, and al pha = .05, two-
tailed (in general, for a XX% Cl, alpha =1 - . XX two-tailed). This is the sane

t.i¢ We used for the hypothesis test above: t_;, = 2.306. The upper and lower limts
for : are calculated as shown bel ow

w, . =X-t_.s_ =98.0-(2.306)(.25) = 98.0-.577 = 97.42

Woper — X + oritSy = 98.0+(2.306) (.25) = 98.0+.577 = 98.58

Based on the above cal cul ations we can say that our confidence is 95%that the
nmean body tenperature for the entire popul ation of Antarcticans is between 97.42 °F
and 98.58 °F. Note that the nean for the general population, 98.6 °F, does not fal
within the 95% confidence interval, which is consistent with the results of our nul
hypot hesi s test.

O course, any particular confidence interval is either right or wong -- that
is, it either contains the population nmean or it does not. W never know which of
our confidence intervals are right or wong, but of all the 95% Cl's we construct,
we know that about 95% of themw Il be right (simlarly, 99%of our 99%Cl's will be
right).

Two-group t test

To review the statistical analysis of a two-group experinment, we will describe
a hypothetical study fromthe field of neuropsychol ogy. A researcher believes that
aregionin the mddle of the right hem sphere of the brain is critical for solving
paper - and- pencil| nazes, and that the corresponding region of the I eft hem sphere is
not involved. She is lucky enough to find 6 patients with just the kind of brain
damage that she thinks will disrupt maze-learning. For comparison purposes, she is
only able to find 4 patients with simlar damage to the | eft hem sphere. Each of
the 10 patients is tested with the sane maze. The variable neasured i s how nany
trials it takes for each patient to learn the maze perfectly (i.e., execute an
errorless run). The data collected for this hypothetical experinent appear in Table
3.1 bel ow

Table 3.1
Left Damage Ri ght Dannge
5 9
3 13
8 8
6 7
L 11
6

X = 22/4 =5.5

From Table 3.1 you can see that the results are in the predicted direction: the
mean number of trials required to | earn the naze was consi derably higher for the
group with danage to the right side of the brain. Fortunately, the anpbunts of
variability in the two groups are fairly simlar, so it is appropriate to perform
t he pool ed-variance t-test. The two variances are: 4.33 (left), and 6.8 (right).

So, according to Formula 3.5, the pool ed variance is:

D) si v (1) s) 3(4.33) +5(6.8) _ 47 _ .

p n +n, - 2 3 +5 8

Therefore, the pooled-variance t (Fornula 3.6) is:



X, - X, (9 - 5.5) 3.5 3.5

t = = = = 1 5646 = 2.237
V2 .448 .
52(i + i) 5,875(i + i)
p Aﬁ A@ 4 6

We shoul d point out that we deliberately subtracted the sanple neans in the
nunmerator in the order that would nake the t value cone out positive. This is
frequently done to avoid the awkwardness of working with negative nunbers. W
al ready know from | ooking at the two sanple means which is larger; we don't need the
sign of the t value to tell us in which direction the results fell.

To find the critical t values we nust first calculate the nunber of degrees of
freedom For the pool ed-variance t test, df = n, +n, - 2 =4+6- 2 =10 - 2 = 8.
For alpha = .05, two-tailed, the critical values are -2.306 and +2.306. Because our
calculated t (2.237) is smaller than the critical t, we cannot reject the nul
hypot hesi s, and we cannot say that our results are significant at the .05 | evel

Two- group Confidence Interva

Al t hough you woul d probably not bother to cal culate a confidence interval for
t he above experinment because of the snall sanple sizes and | ack of statistical
significance, we will find the 95% confidence interval just for review W wll use
Formula 3.8, and plug in the values fromthe above exanpl e:

wo-u, = (X-X, )t t_ s _ =3.5% (2.306) (1.5646) = 3.5 £ 3.61

it X, "X,

Note that for the 95% confidence interval the critical t values are the sane
that were used for the .05, two-tailed hypothesis test. Also note that the val ue
for sy y in the above formula is the denom nator in our calculation of t above. The
95% confidence interval extends from-.11 to +7.11 maze-learning trials. The fact
that the 95% confidence interval contains zero tells us that we would not be able to
reject zero as the null hypothesis, using alpha = .05, two-tailed. This is
consistent with the result of our hypothesis test.

Mat ched t test

For the follow ng exanple, inagine that each subject views the sanme videotape
of a husband and wi fe arguing. Afterwards, the subject is asked to rate the
likability (on a O to 10 scale) of both the husband and the wife. This is an exanple
of simultaneous repeated-neasures. Each subject's ratings are sorted according to
whet her the subject is rating soneone of the same gender (e.g., a man rating the
likability of the husband), or the opposite gender (e.g., the sane nan rating the
likability of the wife). 1In this exanple, six individuals (3 of each gender) were
chosen at random each providing two different ratings. The two ratings of each
subj ect appear in Table 3.2 below (only six subjects are included in this exanple in
order to mnimze the anount of cal cul ation).

Table 3.2

Subj ect Sane Opposi te D
1 9 5 +4

2 5 5 0

3 8 3 +5

4 4 5 -1

5 6 3 +3

6 7 9 -2

+9

The scores can be subtracted in either order (as |long as you are consi stent
for every pair, of course), so you nay want to choose the order that mnimzes the
m nus signs. In finding the sumof the difference scores, you may want to add the
positive and negative nunbers separately, and then add these two suns at the end.
For instance, in Table 3.2 the positive nunbers are +4, +5 and +3, adding to +12.
The negative nunbers are -1 and -2, adding to -3. Finally, adding +12 and -3, we



find that ED = 49. Dividing this sumby N, which is 6 for this exanple, we find
that I = 1.5. The (unbiased) standard devi ation of the difference scores, s, is
2.88 (if you use a calculator to obtain the SD, nmake sure you enter the negative

di fference scores with mnus signs, or you will get the wong answer). The natched
t value can now be found by using Fornula 3.12

£ = p _ 1.5 _ 1.5 _ 1.28
s 2.88 1.18

D

/N /6

Because the Nis so small we nust use the t distribution to represent our nul

hypot hesis. The df = N- 1, which equals 6 - 1 =5, so the critical t (" = .05,
two-tailed) is 2.571 (see Table A 2). Because the calculated t (1.28) is well bel ow
this value, the null hypothesis -- that the nmean of the difference scores is zero --

cannot be rejected. This lack of statistical significance is also obvious fromthe
95% confidence interval for the difference of the popul ations, as given by Fornul a
3.13.

Wower = D -t ;85 =1.5-2.571(1.18) =1.5-3.03 = -1.

u =D+ t 55 = 1.5 + 3.03 = 4.53

upper crit

Zero is clearly contained in the 95% Cl, so the null hypothesis of zero difference
bet ween the two popul ati ons cannot be rejected.

Assunptions: The assunptions underlying the matched t-test are that the difference
scores are: 1) normally distributed, and 2) random and i ndependent of each other

Wien to use the matched t-test

Repeat ed neasures. The two basic types are: sinultaneous and successi ve.

The successive repeat ed-nmeasures experiment has two major sub-types: the before-
after design and the counterbal anced design. The before-after design usually
requires a control group in order to draw valid conclusions. The counterbal anced
desi gn does not need a control group, but it is susceptible to carry-over effects;
if the carry-over effects are not synmetrical, repeated neasures should not be used

Mat ched-Pairs. The two nmain sub-types are: experinental and natural

The experimenter may create pairs based either on a relevant pre-test, or on other
avail abl e data (e.g., gender, age, IQ etc.). Another way to create pairs is to
have two subjects rate or "judge" the sane stinmulus. Rather than creating pairs,
t he experinmenter may use naturally occurring pairs.

Definitions of Key Terns

t distribution: Actually, there is a famly of t distributions that differ
according to the nunber of degrees of freedom Each t distribution |ooks |ike the
normal distribution except with fatter tails. As df increases, the t distribution
nore cl osely approxi mates the normal distribution

One-sanple t-test: This test is simlar to the one-sanple z-test, except that the
sampl e standard deviation is used in place of the popul ati on standard devi ati on, and
the critical values are found fromthe t distribution. It is used when the sanple
size is not very large.

Point estimation: Estimating a popul ation parameter with a single value, such as
using the sanple nean as an estinmate of the popul ati on nean.

Interval estimation: Using a range of values to estinmate a popul ati on paraneter.

Confidence Interval: These intervals are constructed so that a certain percentage
of the time the interval will contain the specified popul ati on paranmeter. For
instance, a 95% Cl for the population nmean will not always contain the popul ation




mean, but 95% of such intervals wll.

Standard error of the difference: This is short for "standard error of the

di fference between neans". It is the value you would get if you kept selecting two
random sanples at a tine, finding the difference between the nmeans of the two
sanples, and after piling up a huge nunmber (preferably, infinite) of these

di fference scores, calculating the standard devi ati on

Large-sanple test for a difference between neans: This test is valid only when the
two sanples are quite large (40 subjects per group, at the very least). The two
sanpl e variances are not pooled. The critical values are found fromthe standard
normal distribution.

Pool ed-variance: This is short for "pool ed-variance estimte of the popul ation
vari ance". It is a weighted-average of the two sanple variances, which produces
the best estimate of the popul ation variance when the two popul ati ons bei ng sanpl ed
have the sane vari ance

Pool ed-variances t-test: This t-test is based on the use of the pool ed-variance to
estimte the population variance, and, strictly speaking, is only valid when the two
popul ati ons have the sane vari ance.

Separate-variances t-test: This t-test is appropriate when the sanples are not very
I arge, not equal in size, and it cannot be assuned that the two popul ati ons have the
sanme variance. The sanple variances are not pooled, but rather each is separately
divided by its own sanple size. The critical values must be found through specia
procedures.

Honobgeneity of variance: This neans that the two popul ati ons have the sane
variance. This is one of the assunptions that underlies the use of the pool ed-
variance t-test.

Het erogeneity of variance: This nmeans that the two popul ati ons do not have the sane
variance. This is the conclusion that is made if a test for honbgeneity of variance
is statistically significant.

RM or Matched t-test. Also called t-test for (the difference of) correlated (or
dependent) neans (or sanples). Conpared to the independent groups t-test, this t-
test tends to have a smaller denom nator (i.e., standard error) to the extent that
the two sets of neasures are positively correl ated

Direct-difference nethod. Difference scores are conputed for each pair of scores,
and then a one-group t-test is performed on the difference scores, usually agai nst
the null hypothesis that the nean of the difference scores in the population ( zp) is
zero.

Repeat ed- neasures design. Al so called a within-subjects design. Each subject is
nmeasured twice on the sane variable, either before and after sonme treatment (or
period of tinme), or under different conditions (sinultaneously or successively

present ed) .

Order _effects: Wien each subject is neasured tw ce under successive conditions,
order effects can increase or decrease the neasurenments according to whether a
condition is adm nistered first or second. Practice and fatigue are exanpl es of
order effects.

Count er bal anced desi gn. Wen a successive repeat ed- neasures desi gn invol ves two
condi tions, counterbal ancing requires that half the subjects receive the conditions
in one order, while the other half receive the conditions in the reverse order. This
wi |l average (or "bal ance") out sinple order effects.

Mat ched- pai rs design. Instead of neasuring the sane subject twi ce, subjects are
paired off based on their sinilarity on sone relevant variable, and then randonmy
assigned to the two conditions. Naturally occurring pairs can be used, but this wll
[imt the conclusions that can be drawn.




Chapter 4
Correl ation
In order to review the cal culation of Pearson’s r, we will describe a

hypot heti cal study to deterni ne whether people who cone fromlarge inmedi ate
famlies (i.e., have many siblings) tend to create large imediate fanilies (i.e.

produce nmany children). 1In this exanple, each "subject" is actually an entire
imrediate fam |y (parents and their children). The "X' variable is the average
nunber of siblings for the two parents (e.g., if the nother has 1 brother and 1

sister, and the father has 2 brothers and 2 sisters, X = 3), and the "Y" variable is
the nunber of children in the selected famly. The fanilies should be selected in
an i ndependent random manner (in this case, the entire famly is being selected as

t hough a single subject). For this hypothetical exanple, 10 fanilies were selected,
so N = 10. The data in Table 4.1 consist of the nean nunber of parental siblings,

X, and the nunmber of children for each of the 10 selected fanilies, Y, as well as
the (XY) cross-products required for conputing the correlation.

Table 4.1
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As long as we are satisfied with assessing the degree of linear correlation
the appropriate test statistic is Pearson's r. First, we will calculate the neans
and standard deviations, so that we can use Fornula 4.2. The nmean of X equals 23/10
= 2.3, and the nean of Y equals 27/10 = 2.7. Using the biased fornula for SD, you
can verify that F, = 1.0296, and F, = 1.2688. Plugging these values into Formula
4.2, we get:

2 XY 71.5
N My 0 @3En L s e 94
r= - - - el - .71955
s, o, (1.0296) (1.2688) 1.3064 1.3064

If you have already calculated the unbiased SD's (s, = 1.08525, s, = 1.3375),
you need to use Formula 4.3. The value for r will come out to 1.0444 divided by
(1.08525)(1.3375), which equals 1.0444 / 1.4515 = .71952. As you can see both
formul as produce the sane value for Pearson's r, except for a slight difference due
to rounding off. Because the value for r will never be larger than 1.0, one must be
careful not to round off too nmuch on the internmediate steps -- for instance, in
dealing with the standard deviation, at least four digits after the decimal point
shoul d be retained (as in the exanpl e above).

The r we calculated can be tested for statistical significance by conputing a
t value using Fornula 4.4

N-2 _ .71955 10 - 2 _ .71955 (2.828) _ 2.035

1 - 2 1 - .518 /- 482 - 694

To I ook up the critical value for t, we need to know that the number of degrees of
freedomequals N - 2; for this example df = 10 - 2 = 8. Looking in Table A 2 under
al pha = .05, two-tailed, we find that the critical t = 2.306. Because 2.93 > 2. 306,
the null hypothesis (i.e., D = 0) can be rejected.

Qur statistical conclusion, it nmust be noted, is only valid if we have nmet the



assunptions of the test, which are as foll ows:

1. Independent random sanpling. |In particular, any restriction in the range of

val ues sanpl ed can threaten the accuracy of our estimte of D.

2. Normal distributions. Each variable should be inspected separately to see that
it follows an approximately normal distribution

3. Bivariate normal distribution. The scatterplot of the data should be inspected
for unusual circunstances, such as bivariate outliers or curvilinearity.

Regr essi on

We will begin review ng regression with another exanple of linear correlation
| magi ne that a career counselor is interested in how well college grade point
averages (GPA' s) predict annual salaries five years after graduation. From her
records, she selects at random six individuals who graduated five years ago, and
finds out their final cunmulative GPA's (X), as well as their current annual salaries
(Y). The data are shown in the Table 4.2 (highest possible GPAis 4.0, which neans
A's in all courses; annual salary is expressed in thousands of dollars), along with
colums for the squared val ues and cross-products.

Table 4.2
X XY Y
3.1 99. 2 32
2.5 67.5 27
3.6 108.0 30
2.2 52.8 24
3.3 92. 4 28
2.7 59.4 22
17. 4 479. 3 163

Assum ng that the two variables are linearly related, it can be useful to find
the linear regression equation that predicts annual salary based on the subject's
college GPA. The first step is to find the slope, which can be found from Pearson's
r and the standard devi ations. Assum ng that we had al ready cal cul ated the unbi ased

standard deviations (s, = .5254 and s, = 3.7103), the next step is to calculate
Pearson's r using Formula 4.3:
1 == 1
— (ZXY-N X Y) —[479.3 - 6(2.9) (27.17) 1
N-1 5 1.32
r = = = = .6771
5.8, (.5254) (3.7103) 1.949
Now we can use Formula 4.6, to find that the slope equals:
s
b =r %= .6771(w) = .6771 (7.062) = 4.782
yx s .5254

X

The second step in deternmning the regression equation is to find the
Y-intercept using Fornula 4.7. To use this formula we need the slope found above,
and the nmeans of both variables, which are: X = EXN=17.4/6 = 2.9; and ¥ = EY/N =
163/6 = 27.17.

ay =Y - b,X=27.17 - 4.7826 (2.9) = 27.17 - 13.87 = 13.3
Finally, the regression equation is found by plugging the slope and Y-intercept
into Fornmula 4.8, as shown bel ow

Y = b,X + a, = 4 78X + 13.3

The equati on above can be used to predict the salary for any GPA, even those
not in our original sanple. For instance, let us consider a GPA less than any in
the sanple -- one that would barely allow graduation -- X = 1.8. The predicted
annual salary five years after graduation woul d be:



Y =4.786 (1.8) + 13.3 = 8.615 + 13.3 = 21.9 (i.e., $21,900)

The nost common uses for linear regression are:

1) Predicting future perfornance from neasures taken previously.

2) Statistically "renoving" the effects of a confounding or unwanted vari abl e.

3) Evaluating the Iinear relationship between the quantitative levels of a truly
i ndependent (i.e., manipul ated) variable and a continuous dependent vari abl e.

4) Testing a theoretical npdel that predicts values for the slope and Y-intercept
of the regression line.

Definitions of Key Terns

Perfect linear correlation: Wen positive, perfect correlation neans each subject
has the same z-score on both variables. Perfect negative correlation means each
subj ect has the same z-score, in nagnitude, on both variables, but the z-scores are
al ways opposite in sign

Positive correlation: As the magnitude of one variable increases, the second
variable tends to increase, as well, and as one decreases, the other tends to
decr ease.

Negative Correlation: As the nagnitude of one variable increases, the second
vari abl e tends to decrease, and decreases in the first variable tend to be
associated with increases in the second vari abl e.

Linear transformation: Occurs when one variable is changed into another variable by
t he addi ng, subtracting, mnultiplying, and/or dividing of constants, but by no other
types of mathematical operations. After a linear transfornmation, each subject has
the sane z-score as before the transformation

Scatterplot (or scattergraph): A graph in which one variable is plotted on the X-
axis, while the other variable is plotted on the Y-axis. Each subject (or
observation) is represented by a single dot on the graph

Pearson's correlation coefficient (r): Measures the degree of linear rel ationship
between two variables. Ranges from-1 for perfect negative correlation to O for a
total lack of linear relationship to +1 for perfect positive correlation. Also
call ed "Pearson's product-nmonment correlation coefficient.”

Popul ation correlation (D): The Pearson correl ation coefficient cal culated on an
entire popul ation

Truncated (or restricted) range: Cccurs when a sanple fails to include the ful
range of values of sonme variable that are represented in the population. This
usual ly reduces the nmagnitude of the sanple r as conpared to D.

Curvilinear correlation: Occurs when two variables are related in such a way that
the scatterplot appears as a curve instead of a straight Iine. There are
coefficients of curvilinear correlation that are sensitive to such rel ationshi ps.

Bivariate Qutliers: These are data points that need not be extreme on either

vari abl e separately, but rather represent an unusual conbination of values of the
two variables. A few or even just one bivariate outlier can greatly influence the
correlation coefficient.

Bivariate distribution: This is a distribution that represents the relative

i kelihood for each possible pair of values for two variables. In order to test
Pearson's r for significance, it nust be assuned that the two variables follow a
bi variate normal distribution

Covari ance: Measures the tendency of two variables either to vary together or to
vary consistently in opposite directions. Mist be divided by the product of the
standard devi ations of the two variables in order to yield a correlation coefficient
that varies in nmagnitude between 0 and 1



Regression towards the nean: The statistical tendency for extrene val ues on one
variable to be associated with | ess extrenme (i.e., closer to the nmean) values on a
second | ess-than-perfectly correlated vari abl e.

Regression line: Wen regressing Y on X, this is the straight line that ninimzes
the squared differences between the actual Y values, and the Y val ues predicted by
the line. Regressing X on Y leads to a different line (unless correlation is
perfect) that mnimzes the squared differences in the direction of the X-axis.

Slope of the regression line: \Wen regressing Y on X, the slope is the anmount by
whi ch the Y vari abl e changes when the X vari abl e changes by one unit.

Y-intercept of the regression line: Wen regressing Y on X, the Y-intercept is the
val ue of Y when X is zero.

Residual: In linear regression, this is the portion of an original score that is
left over after a prediction has been subtracted fromit.

Variance of the estimte (F{mtyl; Al so called residual variance. Wen regressing Y
on X, it is the variance of the Y values fromthe regression line, or equivalently,
the variance of the residuals, after each Y val ue has been subtracted fromits

predi cted val ue.

Coefficient of determnation: This is the proportion of the total variance that is
“expl ai ned" by linear regression. It is the ratio of explained to total variance,
and equals r?2

Coefficient of nondeterm nation: This is the proportion of the total variance that
i s "unexplained" by linear regression. It is the ratio of unexPIained to total
variance, and equals 1 - r? which is sometimes synbolized as k-

Honbscedasticity: Wen this condition is true for linear regression, it neans that
the variance around the regression line at one location (i.e., one particular X
value) is the sane as at any other |ocation.

Point-biserial r: A Pearson's correlation coefficient that is cal cul ated when one
of the variables has only two possible values. It can be used to neasure the
strength of association between the independent and dependent variables in a two-
group experinent.

Orega-squared (T): The proportion of variance accounted for in one variable by
anot her (usually discrete) variable in a popul ation

Chapter 5
One-way ANOVA
To illustrate the calculation of a one-way independent-groups ANOVA, we w |
describe a hypothetical experinent involving four groups. |nmagine that a social

psychol ogi st wants to know if information about a person affects the way sonmeone
judges the attractiveness of that person. This is a very general question, and it
has many aspects that can be tested. For this exanple, we will focus on the
perceptions of wonmen, and create four specific conditions. |In each condition a
femal e subject | ooks at a photograph of a male and rates the nale for attractiveness
on a scale from1 to 10 (all subjects view the same photograph, which is chosen for
bei ng about average in attractiveness). There are four experinental conditions,
dependi ng on the short "bi ography" that acconpani es the photo: successful biography,
failure biography, neutral biography, or no biography at all. The effects of these
four conditions can be explored by performng a one-way independent-groups ANOVA

In this exanple, only six subjects will be assigned to each condition to

reduce the amount of calculation. 1In order to illustrate the case of unequal sanple
sizes we will inmagine that one subject fromeach of two conditions had to be
elimnated (e.g., it was later found that the subject actually knew the person in

t he phot ograph, used the scale incorrectly, etc.). The resulting n's are: n, = 5,



n, = 5, =6, n, =6. The attractiveness rating given by each subject and neans
and (unblased) SD's for each condition, appear in the Table 5. 1:

Table 5.1

Contr ol Neut r al Failure Success

4 5 4 6

5 6 5 5

4 5 3 7

3 4 4 6

6 4 2 5

5 6
Mean = 4.4 4.8 3.833 5.833
SD = 1.14 . 837 1.17 . 753

Because the sanple sizes are not all equal, we need to use the general formula for
one-way ANOVA, Fornmula 5.4. To use this fornula, we need to first calculate the
grand nean. X;is equal to the sumof all the scores in Table 5.1 divided by the
total N, so ;s = 104 / 22 = 4.727. The nunerator of Fornmula 5.4 is M5,,; inserting
the neans from Table 5.1 and the grand nmean, the following result is obtained (k=4):

5(4.4-4.727)% + 5(4.8-4.727)% + 6(3.833-4.727)% +

4 -1
5(.107) + 5(.00533) + 6(.8) + 6(1.224) _ .535 + .
3
So M5, = 12.7 / 3 = 4.23. The next step is to find M5, using the denoni nator of
Fornula 5. 4:

4(1.14)% + 4(.837)% + 5(1.17)% + 5(.753)?2 5.2+2.8
(5-1) + (5-1) + (6 - 1) + (6 - 1)

So M5, =.98. Finally, we calculate the Fratio: F = M5, /M5, = 4.23/.982 = 4.31.

In order to find the appropriate critical F val ue, we need to kn0m1the df for
both the nunerator and denom nator of our F ratio: dfbe =k-1=4-1=3, and df,
=N - k=22- 4=18. Therefore, we | ook down the colum Iabeled ‘3" in Table A 3
until we hit the row | abeled “18" to find that the critical F = 3.16. Because the
calculated F (4.31) is greater than the critical F, the null hypothesis can be
rejected at the .05 level. Qur hypothetical researcher can reject the hypothesis
that all of the popul ation nmeans are equal, but without further testing (see next
section), she cannot say which pairs of population neans are different from each
ot her.

Summary Tabl e
The results of the above ANOVA can be sunmarized in the follow ng "source"
tabl e:

Table 5.2
Source SS df M5 E p
Bet ween- gr oups 12.7 3 4.23 4,31 <. 05
Wt hi n- groups 17. 67 18 . 98
Tot al 30. 36 1



Mul tipl e Conpari sons

When dealing with four groups, Tukey’s HSD is favored over Fisher’s procedure,
because of its tighter control over the experinment-wi se Type | error rate. However,
Tukey’'s test is based on equal sanple sizes. Fortunately, with small discrepancies
in size, there is little error involved in calculating the harnonic nmean of the
sanpl e sizes, and then pretending that all of the sanples have this size. The
harmoni ¢ nmean of 5, 5, 6, and 6 is found as foll ows:

4 _ 4 _ 4 _
1 1 1 1 2+ .2 + 167 + .167 .734
_t — 4+ — 4+ —
5 5 6 6
We still look up g in Table A4 with 18 as the df for the error term (and, of
course, the nunmber of groups is 4). |Inserting q and the value found above for n
into Formula 5.12, we find that:
Ms 982
HSD = q__, T =4.0, = = 4.0 (.4245) = 1.7
crit n 5.45

Only the nmeans for the failure and success conditions, which differ by 2.0, have a
difference larger than HSD (1.7), so only these two conditions differ significantly
according to Tukey’'s test.

It is instructive to see what concl usions we woul d have reached had we used
the | ess conservative LSD procedure. Looking up the (two-tailed) .05 critical t
for 18 df, and again using 5.45 as our sanple size, LSD can be found using Formul a

5. 11:
2MS
LSD = t__, Y =2.101 ELL;%EEL =2.101 (.60) = 1.26
crit n 5.45

Wth LSD, success differs significantly not only fromfailure, but fromthe contro
condition, as well (success - control = 1.43 > 1.26). According to Hayter’'s

nmodi fication of the LSD test, the significance of your ANOVA allows you to test your
pai rwi se conparisons with an HSD based on k-1, rather than k; for this exanple, g
for k-1 is 3.61, instead of 4.00. Therefore, the nodified LSD is (see HSD

cal cul ati on above): 3.61 (.4245) = 1.53. This is not as liberal as the ordinary LSD
test, and in this exanple, leads to the same conclusion as HSD (success - control =
1.43 < 1.53).

Wth 4 conditions, 6 pairw se conparisons are possible (4*3/2 = 12/2 =6). |If
we had planned to test just 5 of the 6 (perhaps, we thought it unnecessary to test
the difference between neutral and control), we mght consider adjusting our alpha
for each conparison according to the Bonferroni correction. To keep '"Lyt0.05," his
setto.05/5 = .01. To performthe Bonferroni test for our five pairs we can use the
LSD formula (5.11) with the critical at the .01 level. Because t ,(18)= 2.878, the
difference required by the Bonferroni test is 2.878 (.60) = 1.73. This is even
stricter (i.e., larger) than HSD (1.7), and had we planned all 6 tests, it would
have been harder to get a significant pairw se conmparison. The Bonferroni
adjustnent is too conservative, if you plan to test all or nearly all of the
possi bl e pairs of neans. For this exanple, the Bonferroni test has nore power than
HSD only if you can narrow down your planned tests to 4 or |ess out of the possible
6.

Conpl ex Conpari sons

Suppose that you had planned to conmpare the failure condition with the average
of the three others. The L for this comparison would be 3.833 - 5.011 = -1.178.

You can test this L for significance with Fornula 5.14, if you use the harnonic mean
of the sanples sizes (found above) as n (the results would be a bit nore accurate




with the fornmula for unequal sanple sizes as given in Cohen, 2000).

'.45(1.178)?%/ «1>2+(E»2+(—1)2+<30
) ) 3 3 3" 7.563 / 1.333

.982 .982

The critical F for this linear contrast is not the sane as for the original ANOVA
because the contrast has only one df in its nunerator; F (1, 18)= 4.41. In this
case, the contrast is significant, because 5.78 > 4.41. The result would not have
been so fortunate if for sone strange reason you had planned to conpare the average
of the success and control conditions with the average of neutral and failure. L
for this conparison is 5.1165 - 4.3165 = .8. The F ratio for testing this contrast
cones out to

2 2

1.2 1 1.2
~(Z) (5 (5) 3.488 / 1.0
= 2 -~ - 3.55
. 982 . 982

1
2
5.45(.8)7/ (E)

For this contrast, the calculated Fis less than the critical F (3.55 < 4.41), so
you woul d have | ost the ganble.

It should be noted that if the failure vs. others contrast had not been
pl anned, but rather noticed after the data were inspected, the appropriate critica
val ue woul d come from Scheffé's test: Fg = df ., Faoma FOr this exanple, Fg = 3 (3.16)
= 9.48. By this stringent criterion, the failure vs. others contrast would not be
significant at the .05 level (5.78 < 9.48). Such is the advantage of planning
contrasts before collecting (or inspecting) the data.

Recommendat i ons

Tukey's HSD test is recommended (or the nore powerful but |ess known
nmodi fication of LSD by Hayter) when: a) there are nore than three groups; b) all the
groups are the sanme size, or nearly so; c¢) only pairw se conparisons are perfornmed;
and d) the pairw se conpari sons are chosen after seeing the results. For only three
groups, Fisher's protected t-tests (or the Newran-Keuls test) are sufficiently
conservative, and nore powerful. |If conplex conparisons are chosen after seeing the
results, the Scheffé test should be used. If a limted nunber of conparisons can be
pl anned, an a priori procedure, such as the Bonferroni test, should be used.

Definitions of Key Terns
One-way ANOVA: An analysis of variance in which there is only one independent
vari abl e.

Factor: A factor is an independent variable, and has at |east two levels. Each group
in a one-way ANOVA corresponds to a different |evel of one factor

Mean- squar e- bet ween: (MS,,,): Wien the null hypothesis is true, MS,, is an estimate
of the popul ati on variance based on the variance of the sanple nmeans and the sanple
sizes. Wen the null hypothesis is not true, the size of M5,, depends on both the
magni tude of the treatnent effect and error variance.

Mean-square-within (M5): This is an estimte of the popul ation vari ance based on
the variances within each sanple of the experinent. |t serves as the denoninator in
an i ndependent - groups ANOVA, and is often referred to as the error term

F Distribution: a mathenatical distribution that is followed by the ratio of two

i ndependent estimates of the sanme popul ation vari ance. The shape of the distribution
depends on the degrees of freedomfor both the nunerator and the denom nator

F-Ratio: Aratio of two independent estimates of the sane popul ation variance that
follows one of the F distributions. It can be used to test honpgeneity of variance
or an ANOVA.

Grand Total: The sumof all the nmeasurenents in the study, regardl ess of group




G and Mean: The nean of all the measurements in the study, regardless of group. It
can be found by dividing the grand total by N

Surmmary Tabl e: Displays the sum of squares (SS), nean-squares (MS) and degrees of
freedom (df), according to source (i.e., between-groups, wthin-subjects, or tota
of both) in an ANOVA. The F-ratio and p value (or significance level) are usually
di spl ayed, as well.

Et a- squared: The square of this correlation coefficient is used to represent the
proportion of variance accounted for b¥ the i ndependent variable in the results of a
particular ANOVA. It is the same as r°, in the two-group case.

Experi mentwi se al pha ('gy: The probability of making at |east one type | error
anong all of the statistical tests that are used to anal yze an experinment (somnetimnmes
the termfanilyw se al pha, which has a nore restricted definition, is preferred).

Al pha per conparison (",): The alpha |evel used for each particular statistica
test, in a series of conparisons.

Pai rwi se conparison: A statistical test involving only two sanpl e neans.

Conpl ex conparison: A statistical test involving a weighted conbinati on of any
nunber of sanple neans.

A priori conparison: A conparison that is planned before the experinment is run (or
before | ooking at the data).

A posteriori conparison: Mre often called a post hoc (i.e., after the fact)
conparison, this conparison is chosen after seeing the data.

Fisher's protected t-tests: t-tests that are perforned only after the one-way ANOVA
has attai ned statistical significance. |If honbgeneity of variance can be assuned,
M5, is used to replace s? in the two-group t-test fornula.

Fisher's Least Significant Difference (LSD): The difference between two sanpl e neans
that produces a calculated t that is exactly equal to the critical t. Any larger

di fference of nmeans is statistically significant. This test is applicable if the
overall ANOVA is significant, and all the groups are the sane size.

Tukey's Honestly Significant Difference (HSD): Like LSD, this is the small est

di fference between two sanple neans that can be statistically significant, but this
difference is adjusted (i.e., nmade larger) so that " ,remains at the initially set
| evel, regardl ess of the nunber of groups, and whether the conplete null or only a
partial null hypothesis is true.

Studenti zed range statistic: The distribution of the |largest difference of neans
when nore than two equal -si zed sanples fromthe sane popul ati on are conpared. The
critical value fromthis distribution depends on the nunber of groups conpared, and
the size of the groups.

Conservative: Statisticians use this termto refer to procedures that are strict in
keeping the type | error rate down to a preset limt.

Liberal: Atermthat refers to statistical procedures that are relatively | ax about
type | errors, and therefore produce fewer type Il errors.

Newran- Keul s test: Like Tukey's HSD, this test is based on the studentized range
statistic, but it uses different critical values for different pairw se conparisons
dependi ng on the "range" that separates two sanpl e neans.

Dunnett's test: This test applies to the special case when one particul ar sanple
mean (usually a control group) is being conpared to each of the other neans. When
this test is applicable, it is usually the nost powerful.




Scheffé's test: This post hoc conparison test maintains strict control over
experi mentw se al pha even when conpl ex conparisons are involved. It is unnecessarily
conservative when only pairw se conpari sons are bei ng perforned

Bonferroni -Dunn test: This test is only appropriate for planned (a priori)
conparisons, and is based on the Bonferroni inequality. The desired ", is divided
by the nunmber of planned conparisons to find the appropriate *

pec*

Li near Contrasts: Wighted conbinations of neans in which the weights (or
coefficients) sumto zero.

O thogonal conparisons (or contrasts): These are conparisons that are independent of
each other. As nmany as k - 1 (where k is the nunber of groups) conparisons can be
nmutual |y i ndependent. Testing a set of orthogonal conparisons can be used as an
alternative to the one-way ANOVA

Chapter 6
Power for the two-group t test

Power analysis can be separated into two categories: fixed and flexible sanple

si zes.

1. Wien the sanple sizes are fixed by circunstance (e.g., a certain nunber of
patients available with a particular condition), the effect size is estimated in
order to find the power. If the power is too low, the experinent would not be
perfornmed as designed. Conversely, one can decide on the | owest acceptabl e power,
find the corresponding delta, and then put the fixed sanple size into the equation
to solve for d. The d that is found in this way is the lowest d that yields an
acceptabl e | evel of power with the sanple sizes available. If the actual effect size
in the proposed experinent is expected to be less than this d, power would be too
lowto justify perform ng the experinent.

2. Wen there is a fair anmount of flexibility in determ ning sanple size, dis
estimated and the delta corresponding to the desired | evel of power is found. The
appropriate equation can then be used to find the sanple sizes needed to attain the
desired power level with the effect size as estimated. This procedure can al so be
used to set linmts on the sanple size. One finds the smallest d that is worth
testing, and puts that d into the equation along with the delta corresponding to the
| owest acceptable power |level. The sanple size that is thus found is the [argest
that can be justified. Using any nmore subjects would produce too great a chance of
obtaining statistically significant results with a trivial effect size. Conversely,
the largest d that can reasonably be expected for the proposed experiment is put
into the same equation. The sanple size that is found is the bare mininumthat is
worth enpl oyi ng. Using any fewer subjects would nean that the power would be | ess
than acceptable even in the nost optinmstic case (d as |large as can be expected).

The use of the power tables and fornulas is reviewed below for both categories of
power anal ysi s.

1. A psychol ogi st is studying the relationship between type of crinme and
sociopathy in prison inmates. For the conparison of arsonists to burglars, there are
unfortunately only 15 of each available for testing. Wat is your power for this
experinment? First, d nust be estinmated. Suppose that d = .3 can be expected for the
soci opat hy difference between arsonists and burglars. Now, delta can be found from

Fornmul a 6. 4:
o = EY d = jEi .3 = (2.74) (.3) = .82
2 2

Finally, an al pha | evel nust be selected in order to use Table A 5. Assum ng
al pha = .05, two-tailed, a delta of .8 (rounding off) corresponds to a power |eve
of .13. This is a very |low power level, and it would certainly not be worth running




the experinment. If d were really only .3, the sanple sizes being used would only
produce significant results about 13 tines in 100 experinents.

If the | owest acceptable power were judged to be .7, we can see from T Table A 5
that we need delta to be about 2.48 (a delta of 2.5 corresponds to power = .71 in
the table). Using the sanple size we are stuck with in this problem we can sol ve
Formula 6.4 for d in order to find the mninmal effect size.

2 2
a\lr (d) = Eg-(2.48)-—(.365)(2.48) = .91

The d calculated, .91, is the lowest d that will yield acceptable power with
the avail able sanple sizes (at the chosen alpha level). If there is little chance
that the sociopathy difference could lead to an effect size this large, then there
islittle point to conducting the experinment as pl anned.

However, if it is possible to match the arsonists and burglars into pairs on
some basis (e.g., the risk involved in their particular crime), power can be

increased. G ven that you are stuck with n = 15, and d = .3, we can cal cul ate how
hi gh the correlati on woul d have to be between the two groups of subjects to attain
power = .7. W have already calculated delta for this situation w thout matching;
* .4 = .82, The delta required for power = .7 (.05, two-tailed) is 2.48. W can

f|nd t he necessary degree of population correl ati on needed to attain this delta
(*mtchea) DY Using the equation on page 133 of the Essentials text.

1 1 o 2.4
6matche-d = 1 5 ind S0, 1 = énatched = 828 = 3.024
-e P indep *

Therefore, 1/ (1 - D) = 3.024°> = 9.147, so D=1 - (1 / 9.147) =1 - .11 = .89.

The correl ation produced by this matching would have to be as high as .89 in the
popul ation in order to guarantee adequate power. Such a high degree of matching in
this type of experinent would be very difficult to achieve, but a noderate amount of
mat chi ng woul d be hel pful in reducing the nunber of subjects needed for adequate
power when d is only .3.

2. Anot her psychol ogi st is studying the difference between nen and wonen in
recalling the colors of objects briefly seen. A very |l arge nunber of coll ege
students of both genders is readily available for testing. How many subjects should

be used? First, we need to decide on a |level of power. Let us say that power = .85
is desired. From Table A 5, it can be seen that this |evel of power for a test
i nvol ving al pha = .05, two-tailed, corresponds to delta = 3.0. Next, d nust be
estimated. Assune that from previ ous experinents, d is expected to be of nedium
size, so that d =.5. Finally we apply Fornula 6.5:
o) 3.0
=2()" = 2(=)" = (2)6° = (2) (36) = 72

Seventy-two mal es and seventy-two females are required in order to have power equa
to .85, with an effect size that equals .5.

If we have no estinate for d, another strategy is to decide on the smallest d
worth testing. For the present exanple, it mght be decided that if the effect size
is less than .1, there is no point to finding statistical significance. In this
case, any effect size less than .1 m ght be considered about as uninportant as an

ef fect size of zero. If power = .85 is desired (and therefore delta is still 3.0)
for d = .1, the nunber of subjects is again found from Formula 6.5:
3.0
N =2( )2 = (2) (30)% = (2) (900) = 1800

.1

A total of 1800 nales and 1800 femal es would be required to attain a power



equal to .85 if d were only equal to .1. It is not likely that so many subjects
woul d be used for such an experinment, but the above cal cul ati on denonstrates that
there would certainly be no point to using nore than that nunber of subjects. Using
nore subjects would lead to a high level of power for effect sizes so snall, that
they woul d be considered trivial.

Finally, one could ask: What is the largest that d might be for the difference

in color nenory? Suppose that the answer is d = .7. Assuming the sanme desired
| evel of power as above, the required nunmber of subjects would be:
3.0
= 2(—7)2 = (2) (18.4) = 36.7

The above calculation tells us that there would be no point in using fewer than 37
subjects in each of the two groups. Using fewer subjects would nean that the power
woul d be I ess than desirable even for the | argest effect size expected, and
therefore | ess than desirable for the sonewhat snaller effect sizes that are likely
to be true.

When dealing with small sanples, Table A 6 gives nore accurate estimtes. For
i nstance, suppose that d for a two-group exper|nent is large —i.e., .8 If we take
t he ANOVA approach, the equivalent f is .8/ 2 = .4, Wth only 16 participants in
each of the two groups, N=f %n = .4 * 4 = 1.6. Entering the k = 2 section of
Table A6 with df,,= 30 (i.e., 16 + 16 - 2), we see that a N of 1.6 corresponds to a
power of .59. Using Table A .5 instead, *is .8 * %8 = 2.26, so power can be
estimated to be about .61 or .62 (which is a slight overestimte conpared to the
result from Table A 6).

Definitions of Key Terns
Beta (R): The probability of making a Type Il error (i.e., accepting the nul
hypot hesi s, when the null hypothesis is not true).

Power: The probability of rejecting the null hypothesis, when the null hypothesis is
not true. Power equals 1 - R.

Alternative Hypothesis Distribution (AHD): The distribution of the test statistic
when the null is not true. Wen deallng with one or two sanple neans, the AHD is
usual ly a noncentral t distribution (i.e., it is shaped like the t dlstribution, but
it is centered on sone val ue other than zero).

Delta (*): The t value that can be expected for a particular alternative hypothesis.
Delta, referred to as the "expected t" in this text, is nore formally known as the
noncentrality paraneter, because it is the value upon which a noncentral t
distribution is centered.

Effect Size or d: The separation of two popul ati on neans in terns of standard
devi ati ons (assum ng honogeneity of variance). The effect size determ nes the anmount
of overlap between two popul ation distributions.

Chapter 7

To review the calculation of the twd-way ANOVA, we have created a hypothetica
experiment as follows. A clinical psychol ogi st wants to know whet her the nunber of
sessions per week has an inpact on the effectiveness of psychotherapy, and whet her
this inpact depends on the type of therapy. It was decided that therapy
ef fectiveness woul d be neasured by an inprovenent rating provided by judges who are
blind to the conditions of the experinment. Four |evels are chosen for the first
factor: one, two, three, or four sessions per week; and two types of therapy for the
second factor: classical psychoanalysis, and client-centered therapy. Wen these two
factors are conpl etely-crossed, eight cells are forned. For this exanple there are
five random y-sel ected subjects in each cell, and the subjects in each cell are
sel ected i ndependently of the subjects in any other cell. The inprovenent rating for
each subject is presented in Table 7.1, along with colum, row, and cell neans.



Table 7.1

# of Sessi ons Per Week
1 2 3 4 Row Means
Psychoanal ytic 4 2 6 8
6 4 5 6
3 5 8 6
1 3 6 8
4 5 5 5
Cell Means 3.6 3.8 6.0 6.6 5.0
dient- 6 4 4 5
Cent er ed 3 3 7 4
4 6 2 4
4 6 4 6
3 4 3 4
Cell Means 4.0 4, 4.0 4.6 4.3
Col utm Means 3.8 4.2 5.0 5.6 4. 65

The sinplest strategy is to begin by calculating SS,,, and SS., ..., and then
subtract to find SS, W can use Fornmula 7.1 for both of these. Note that N;
equals nrc =5 * 2 * 4 = 40

_ 2 _ _

S5, 0te; = N, O (all scores) = 40 (2.6275) = 105.1
_ 2 _ _

SSpet-cers = Ny O (cell means) = 40 (1.0375) = 41.5

Therefore, SS, = 105.1 - 41.5 = 63.6. You can also verify this by calculating the
unbi ased variance for each cell, averaging these 8 cell variances to find M5,, and
then multiplying by df,, (If you didn't have the raw data, but you did have the
SD's, you woul d have to square each one to get the cell variances.) Next, we use
Formula 7.1 twice nore to calculate the SS's that correspond to the sessions and
type of therapy factors. |In Table 7.1, type of therapy is represented by the rows,
and sessions by the col ums.

SS_ = N_ o’ (row means) = 40 * ¢°(5.0, 4.3) = 40 (.1225) = 4.9
ssmﬂ = Nch(column.means) = 40 (.4875) = 19.5
As usual we find the SS for interaction by subtracting SS,,. and SS.; ,ms frow
SSbet-ceII: SSI nter SSbet cel | SStherapy - Sssessmns =41.5 - 4.9 - 19.5 =41.5 - 24. 4 =

Havi ng anal yzed the total SS into its conponents, each SS is divided by the
appropriate df. The total df for this exanple is broken down into the follow ng
40 - (2)(4) = 40 - 8 = 32
= 1 =1

conponent s:
df w= N, - rc =
= -1 2 - =
sessions:(':_'l:‘]'_1:3
df ier = (r - 1)(c - 1) = (1)(3) =3

Notice that these df's add up to df,,, which equals nrc-1 = (5)(2)(4) = 40 - 1 = 39.
Now we can find the MS's by dividing each SS by its df.
MBS, = SSde = 63.6/32 = 1.99

NSt herapy — SSt her apy / df t her apy =4.9/1 =49
sessi ons Sssessmns /df sessi ons = 19 5/ 3=6.5
= SS [ df . = 17.1/3 =57

inter inter inter



Finally, we can find the three F ratios as foll ows:

Finerapy = MBiherapy! MSy, = 4.9/ 1.99 = 2. 46

sessi ons = 'sessi ons = 6. 5/ 1.99 = 3.27

inter = M o/ M5, = 5.7/1.99 = 2.87
The critical F ("™ = .05) for testing the therapy effect is based on 1 and 32

degrees of freedom and equals about 4.15 (see Table A 3). The critical F's for the
sessions effect, and the interaction are both based on 3 and 32 df, and therefore
equal about 2.90. The F for the main effect of therapy (2.46) is not greater than
its critical F (4.15), so the null hypothesis cannot be rejected in this case. On
the other hand, the F for the main effect of sessions (3.27) is greater than its
critical value (2.9), so for this factor the null hypothesis can be rejected. The
interaction has fallen only slightly short of statistical significance; the
calculated F (2.87) is just under the critical F.

Interpreting the results

First, we check the significance of the interaction as an indication of
whet her the main effects will be interpretable, and of which approach should be
taken to follow up the ANOVA with additional conparisons. Although the interaction
is not significant at the .05 level, it is so close to significance (p = .052) that
caution is advised in the interpretation of the main effects. If you graph the cel
nmeans with sessions along the X axis, you will see that the lines for the two types
of therapy cross each other. Wereas client-centered therapy produces slightly nore
i mprovenment than psychoanal ysis when therapy is given one or two tines per week,
this trend reverses direction when there are three or four sessions. The significant
mai n effect of sessions is clearly due to the psychoanal ytic conditions, which show

a strong linear trend as the nunber of sessions increases. If it is surprising that
the interaction falls short of significance, bear in nmind that the sanple sizes are
quite small, providing little power unless the anmbunt of interaction is rather

I ar ge.

Fol I owi ng up the results

If you were to ignore the nearly significant interaction, you would | ook for
significance among the main effects. Had the main effect of therapy type been
significant, there would still be no follow up for this effect, sinply because it
has only two | evels. However, the nmain effect of sessions was significant, and
could be foll owed up with Tukey’s HSD (recomrended because sessions has nore than
three levels). First we look up the critical q in Table A 4 (nunmber of groups = 4,
and df for the error termis df,,fromthe two-way ANOVA, which is 32). Then, we
apply Formula 5.12, but be careful to note that “n”, when we are conparing |evels of
a min effect, is not the cell size -- rather it is the nunber of cases at each
I evel of the main effect being tested (n for the sessions effect is 10, because
there are 5 participants in each therapy condition for any one | evel of the sessions
effect).

MS 1.99
HSD = g . | —%¥ =3.84 | —2Z =3.84 (.446) = 1.713
crit n 10

By Tukey’'s HSD test, the four-session level differs significantly fromthe one-
session level, but no other pairs of levels differ significantly.

If you were to treat the interaction as significant (not a bad idea when p =
.052), a reasonable followup plan would involve testing sinple main effects:
conducting a one-way ANOVA over sessions, separately for each type of therapy (but
using M5, fromthe two-way ANOVA in each case), and/or conparing the two types of
t herapy at each nunber of sessions. The sinple main effect of sessions is
significant for psychoanalytic therapy (F = 5.6), but nowhere near significance for
client-centered therapy (F = .32). The final step in this plan would be to use HSD
to conpare pairs of session levels, but only for the psychoanal ytic condition

Anot her reasonable way to followup a significant interaction is with 2 X 2
interaction contrasts. There are six possible 2 X 2 contrasts to test correspondi ng
to the six possible pairs for the session levels — always crossed with the two
therapy types. An obvious 2 X 2 to try is one versus four sessions per week for the



two therapies. Using the appropriate cell neans from Table 7.1, we can see that L
for this contrast is: 3.6 - 4.0 - (6.6 - 4.6) =-.4- 2.0=-2.4. Noting that nin
Formula 5.13 is the cell size (5), and that each of the four c’s equals +1 after
bei ng squared, we find that the contrast vyields:

L? 5 (-2.4)% 28.8
scontrast - Z 2 - ( ) - = 7.2

Because this contrast (like all such contrasts) has only one df, we can divide
7.2 by 1.99 (according to Fornula 5.14) to obtain the F ratio, which therefore
equals 3.62. This is less than the critical value (about 4.15), so this contrast is
not significant at the .05 level. If instead we had planned to test two versus
three sessions per week, L would be: 3.8 - 4.6 - (6.0 - 4.0) =-.8- 2.0 =-2.8, and
SS.onrase Woul d equal 5 (-2.8)?/ 4 =39.2/ 4 =9.8. \Wen divided by 1.99, the
resulting Fratio, 4.92, is larger than 4.15, so this particular contrast would be
statistically significant. But only if it had been planned. |I|f the contrast were
di scovered after |ooking through the data to find sonething prom sing, the accepted
procedure woul d be to conduct Scheffé' s test. For this exanple, you would take the
critical F for testing the entire two-way interaction (about 2.9), and multiply it
by df, .. (which equals 3) to get Scheffé's critical F (Fg), which equals 2.9 * 3 =
8.7. SO0 even the two versus three session contrast would not be significant as a
post hoc conpl ex conparison. This is not surprising. Gven that the interaction
fromthe omi bus two-way ANOVA was not significant, we know that none of the 2 X 2
contrasts will be significant by Scheffé' s test.

Finally, although the nain effect of sessions was significant, it was only
barely significant. W could have attained a nuch higher F ratio if we took
advant age of the obvious upward trend over sessions. The appropriate coefficients
for testing an upward linear trend with four |levels are: -3, -1, +1, +3 (note: -2,
-1, +1, +2 won't work because they are not equally spaced). Applied to the col um
means of Table 7.1, the L for the linear trend is: (-3)(3.8) + (-1)(4.2) + (+1)(5) +
(+3)(5.6) = -11.4 - 4.2 + 5 + 16.8 = 21.8 - 15.6 = 6.2. The SS for the linear
contrast is found by using Formula 5.13 again, noting that this tine n equals 10
(because there are ten cases per columm), and the sum of the squared coefficients is
20 (9+1+1+9).

2
sg . 10(6.2)? 384.4 o .
linear 20 20

The F ratio for the linear trend is 19.22 / 1.99 = 9.66, which is much larger than
the F found for the sessions nain effect (3.27). It is even significant by
Scheffé's test (9.66 > 8.7; Fgis the same for both the interaction and the main
ef fect of sessions, because the df’'s are the sane).

The Advant ages of the Two-way ANOVA
1. Exploration of the interaction of two i ndependent vari ables.

2. Econony -- if interaction not significant.
3. Geater generallzatlon of results -- if interaction not significant.
4. Reduction in M5, (i.e., error term, when the second factor is a grouping

variable that differs on the DV

Definitions of Key Terns

Two-way (i ndependent - groups) ANOVA: A statistical procedure in which i ndependent
groups of observations (usually on individual subjects) differ on two i ndependent
variables. The results of only one dependent variable can be analyzed at a tinme (to
anal yze several dependent variables sinultaneously, nultivariate procedures, such as
MANOVA, are required).




Factor: An independent variable with at least two different levels; it may involve
conditions created by the experinenter or it may involve pre-existing differences
anong subj ects.

Conpl etely-crossed factorial design: Each and every level of the first factor is
conmbi ned with each and every |l evel of the second factor to forma cell (this
definition can be generalized to include any nunber of factors), and there is at
| east one observation in every cell. Mre often, this design is just called a
"factorial" design

Bal anced design: All of the cells in the factorial design contain the sanme nunber of
observati ons.

Mar gi nal nean: The mean for any one |evel of one factor, averaging across all the
| evel s of the other factor. If a two-way design is |looked at as a nmatrix, the
mar gi nal nmeans are the neans of each row and each col um

Interaction: The variability anong cell neans not accounted for by variability anong
the row nmeans or the columm neans. If the effects of one factor change at different

| evel s of the other factor, sone ampunt of interaction is present (however, sone
interaction is expected just fromchance factors). |If a graph of the cell neans
produces parallel lines, denonstrating that the effects of the two factors are
sinply additive, then there is no interaction in your data at all

Odinal Interaction: The effects of one factor change in amount, but not direction
with different I evels of the other factor. In a graph of cell neans, the |ines would
differ in angles, but slant in the sane direction, and not cross. Despite the
presence of this type of interaction, the main effects may still be interpretable.

Disordinal Interaction: The direction (or order) of the effect for one factor
changes for different levels of the other factor. In a graph of cell neans, the
lines woul d either cross, or slant in different directions. This type of interaction
usually renders the nmain effects meani ngl ess.

Degrees of Freedom Tree: A diagram which shows the nunber of degrees of freedom
associ ated with each conponent of variation in an ANOVA design

Sinple effects: A sinple effect is the effect of one factor at only one | evel of the
other factor. In a two-way design, any one row or colum represents a sinple effect.

Interaction contrasts: This is a 2 x 2 conparison that is a subset of a |arger
design. Wien the interaction is significant for the full design, it nmay be
appropriate to test the interaction in the various 2 x 2 subsets to localize the
ef fect.

Chapter 8
One-way RM ANOVA

The sane RM ANOVA procedures that are applied when each subject is neasured
several times are used to analyze the results of a random zed-bl ocks (RB) design, as
well. In the exanple below we will analyze the results of an RB design using Fornula
7.1. Inmagine that a consuner organi zation wants to answer the question: Are al
wei ght-1o0ss prograns equally effective? The four best-known prograns are chosen for
compari son. Subjects are matched into bl ocks of four based on having the sane
initial weight, simlar frane, and sinmlar dieting history. Wthin each bl ock, the
four subjects are randonmy assigned to the different weight-1oss prograns. In this
hypot heti cal situation, the researchers may actually believe or wish the nul
hypot hesis to be true. For this exanple, there are five blocks of four subjects
each, and the subjects within each bl ock are assigned at randomto the four weight-
| oss programs. After three nonths of dieting the nunber of pounds |ost by each
subject is recorded, as appears in Table 8. 1.



Table 8.1

Wei ght Loss Pr ogr am

Bl ock # I Il 11 IV Row Means

1 2 4 5 1 3.0

2 6 3 7 5 5.25

3 7 9 6 7 7.25

4 5 8 8 6 6. 75

5 10 10 13 8 10. 25
Col Means 6.0 6.8 7.8 5.4 6.5

The first step is to calculate SS,,,. Note that the total number of val ues
(Np) = 20. After entering all 20 values, you can use Forrmula 7. 1.

SS = Nch(all scores) = 20 (7.85) = 157

total

When you find the biased variance of all the scores, check that the grand nmean is
equal to 6.5. SSg,is found by inserting the colum neans in Table 8.1 into Fornul a
7.1:

SS,, = 20 * 0%(6.0, 6.8, 7.8, 5.4) =20 (.81) = 16.2

Check again that the nean of the colum neans equals the grand nmean, 6.5. Fornula
7.1 is used one nore tinme to find SS

subj ect *

SS = 20 * 0°(3.0, 5.25, 7.25, 6.75, 10.25) = 20 (5.7) = 114

subject

The |l ast SS conponent is found by subtraction

SSsub X RM — SStotal - S§

subj ect ~

SSpy = 157 - 114 - 16.2 = 26.8

df gy =¢c - 1 =4 -1 =3; df yxrm=(n - 1)(c - 1) =4 * 3 =12 (note that in
the RB design, n equals the nunber of blocks, rather than the actual nunber of
subj ects, which is N; in the one-way case).

The MS's that we need for the Fratio are as foll ows:

ss SS_. .
MS,, = ——= = 16-2 _ 5.4, and MS_, = o = ——2 X% = 26-8 _ 5 23
df 3 df v 12

Finally, the Fratio equals M5 g/ M5 4 xru = 5.4 /2.23 = 2.42.

The critical F for (3, 12) df and ' = .05 is 3.49. Because our calculated F
(2.42) is less than the critical F, we cannot reject the null hypothesis. W cannot
concl ude that there are any differences in weight-1oss effectiveness anong the four
prograns tested. Even with reasonably good nmatching, our sanple was too small to
gi ve us much power, unless the weight-loss prograns actually differ a great deal. In
a real experinent, a nmuch |arger sanple would be used; otherw se the experinenters
woul d have to be very cautious in naking any conclusions froma |ack of significant

results. If the F ratio had been significant, we would have checked it against a
conservative critical value derived fromnultiplying the df's by the | ower-bound of
epsilon, whichis 1/ (c - 1) =1/ 3 =.333, inthis case. The conservative val ue

is F (1, 4) =7.71, soif the Fratio had | anded between 3.49 and 7.71, we would



have needed a conputer to calculate a nore exact epsilon to determ ne significance.

Sunmary Tabl e
The conponents of the anal ysis perforned above can be presented in the form of
a sutmary table, as shown bel ow.

Table 8.2
Source SS df VS F p
Bet ween- Subj ect s 114 4
W t hi n- Subj ect s
Bet ween- 16. 2 3 5.4 2.42 > .05
Treatments
Interaction (Residual) 26.8 12 2.23

Tot al 157 19

Assunpti ons of the RM ANOVA

1. Random sanpling. In an RM design, subjects should all be selected independently.
In an RB design, subjects in different bl ocks should be independent, but subjects
within a bl ock shoul d be matched.

2. Normal population distributions.

3. Sphericity (occasionally called circularity). The anpunt of interaction (or the
variability of the difference scores) between any two | evel s should be the sanme as
for any other pair of |evels.

VWen to Use the RM ANOVA

Repeat ed Measures. If feasible this design is the nost desirable, as it generally

has nore power than independent groups or random zed bl ocks. For obvi ous reasons,
it can only be used with an IV that involves experinmental manipul ations, and not a
groupi ng variable. The two types are simltaneous and successi ve.

1. Sinultaneous: The different conditions are presented as part of the sane
stimulus (e.g., different types of pictures in a collage), are as randoni y-ni xed
trials (e.g., trials of different difficulty levels nixed together).

2. Successive: Usually requires counterbal ancing to avoid sinple order effects, and
is not valid if there are differential carry-over effects.

Random zed Bl ocks. This design has nuch of the power of the RM design, and avoids
the possible carry-over effects of a successive RMdesign. The two types are
experimental and naturally-occurring.

1. Experinmental: |In the sinplest RB design, the nunber of subjects per block is the
sanme as the nunber of experinmental conditions; the subjects in each block are
assigned to the conditions at random

2. Naturally-Cccurring: The drawback to this design is that you cannot concl ude
that your independent variable caused the differences in your dependent variable

M xed- Desi gn ANOVA

In this section we will present a m xed design exanple in which both variabl es
i nvol ve experinmental manipulations. Qur exanple is based on a hypothetical schoo
that is conparing three nethods for teaching the sixth grade: traditional, conputer
(in the classroon), and honme (using computers). At the end of the school year, each
pupil is given final exans in four subject areas: math, English, science, and soci al
studies. To sinplify the analysis three equal -sized sanples will be drawn and
randomy assigned to the three teaching nethods. The highest possible score on each
of the final exans is 30; because each pupil takes four final exams, there are a
total of 9 X 4 = 36 scores. The data are shown in the Table 8. 3.



Table 8.3

Met hod Mat h Engli sh Sci ence Social St. Row Means

15 26 20 17 19.5

Tradi tional 10 23 16 12 15. 25
5 18 4 1 7

(Cell Means) 10 22.33 13. 33 10 13.917
27 25 26 28 26.5

Conput er 18 20 20 23 20. 25

16 17 12 10 13.75

Cel | Means 20. 33 20. 67 19. 33 20. 33 20. 167

25 20 23 27 23.75

Hone 22 15 19 25 20. 25

17 9 10 14 12.5

Cel | Means 21.33 14. 67 17. 33 22 18. 833
Col um Means 17.22 19. 22 16. 67 17. 44 17. 64

W will
in the analysis (see Rapid Reference 8. 3).

begin by finding the nunber of degrees of freedom for each conponent
For this exanple, k (nunber of groups -

in this exanple, nmethods) = 3, c¢ (nunber of repeated neasures — in this exanple,
subj ect areas) = 4, and Ng, or just n (nunber of subjects per group) = 3.
Theref ore,
df ;oo = nkc - 1 =3*3*4 - 1 =36 - 1 =35
subjet = NK - 1 =3*3-1=9-1=28
nethod_k_1:3_1:2
w=k(n- 1) =3*2 =6
df .o =C - 1=4-1=3
dfimer:(k_ 1)(C' 1) =2*3 =6
df op xrw = k(c - 1)(n - 1) = 3*3*2 = 18
The total SS is found by entering all 36 scores fromTable 8.3 into a cal cul ator
and then using Forrmula 7.1
2
SS, .., = N, o"(all scores) = 36 (46.786) = 1684.3

Proceeding as with any two-way ANOVA, we find SS,. .cencelis» the SSs for the two
mai n effects, and then subtract to find the SS for the interaction of the two

factors. W will use Fornmula 7.1 three tines.
_ 2 _ B
between-cells - NT o (Cell means) - 36 (18-78) = 676.1
_ 2 B ~
SSMﬁhmi_ 36 *x 0°(13.917, 20.167, 18.833) = 36 (7.224) = 260
SS, .., = 36 * 0°(17.22, 19.22, 16.67, 17.44) = 36 (.916) = 33
SSi nter = SSbet-cell SSrrethod - Ssarea = 676.1 - 260 - 33 = 383.1.



The corresponding M5's are as follows: M5, = 260 / 2 = 130; M5,.,, = 33/ 3 = 11,
M5 er = 383.1/ 6 =63.85. To find the two dlfferent error terms that we need to
conpl ete the anaIyS|s we begin by calculating the subject-to-subject variability,
based on the subject means (averagi ng across the four subject areas).

SS = 36 * 02(the nine subject means) = 36 (32.6) = 1173.6

subject

Subtracting SS. n,g from SS, ..
part of the analysis. SS, =

| eaves SS,, the error termfor the between-subjects
= 913.6 / 6 = 152.3, and F =

suvi e - SS thog = 1173.6 - 260 = 913.6. Therefore, M5,
method = 130 / 152.3 . 85

Next, we find the error termfor the within-subjects part of the analysis.
SSq x rv 1S found by subtracting SSWH%NI%HS fromSS,,, to obtain SS; inces @and then
subtracting SS, fromthat: SSq, yru = 1684.3 - 676.1 - 913.6 = 94.6. Therefore,
MSqyp x ru = 94. 6 "/ 18 = 5. 26.

Finally, we can formthe F ratios to test each of the w thin-subjects effects:
the main effect of subject area, and the interaction of the two factors:

MS MS,
F_ = area _ 1L 5 09; F, = inter _ 03-85 _ 15 14
area Mg 5.26 inter Mg 5.26

Sub X RM Sub X RM

To test the main effect of method, we are looking for a critical F based on
df inog @and df ; F (2, 6) = 5.14. For the main effect of subject area we need F
(df grear df cp xrw = F (3, 18) = 3.16. For the interaction, we are |looking for F
(df ers df o xrw = F (6, 18) = 2.66.

Because the F for the main effect of method is less than 1.0, we do not even
need to conmpare it to its critical value to know that it is not significant at the
.05 level. The F for the main effect of the subject area is nmuch better, but also
falls short of significance (2.09 < 3.16) also falls short of its critical value, so
this null hypothesis cannot be rejected, either. The F observed for the interaction
of the two factors (12.2), however, is greater than its critical value (2.66), so
this effect is statistically significant. Sphericity is not an issue for the main
ef fect of subject area, because this effect is not significant. However, a |lack of
sphericity in the population could have inflated the F for the interaction, so to be
cautious, we can check to see whether this Fis still significant when we assune the
wor st case for lack of sphericity. The value for the | ower bound of epsilon is 1/3,
so the conservative critical Fis F (2, 6) = 5.14. Because 12.14 > 5.14, we don't
have to worry about the sphericity assunption in declaring the interaction to be
significant at the .05 | evel

Interpreting the Results

The significant interaction suggests that the different teaching nethods do
nmake sorme difference in how nuch students learn, but that this difference is not
uni form anmong the different subject areas. That is, some subject areas benefit nore
than others froma particular teaching method, and which subject area is benefitted
nor e depends on which teaching method the pupils receive. For instance, by
i nspecting Table 8.3 you can see that English benefits the nost fromthe traditional
nmet hod, but benefits the least fromlearning on a hone conputer. A graph of the
cell means nmakes it easy to see that subject area nmakes little difference when the
computer is used, but a good deal of difference for the traditional nethod. An
appropriate way to follow up the significant interaction in this case is with the
anal ysis of sinple effects. A one-way RM ANOVA coul d be conducted separately for
each nmethod. However, it would be nore nmeaningful in this case, to test the effect
of nethod separately for each subject area, followed by pairw se conparisons of the
nmet hods, for whi chever subject areas yield a significant independent-groups ANOVA
The results of a mxed two-way ANOVA are often displayed as in Table 8.4, with the
bet ween- subj ect s conponents separated fromthe within-subjects conmponents (SPSS
presents the within-subjects effects first).



Summary Table for the M xed ANOVA

Table 8.4
Sour ce SS df VS F p
Bet ween- Subj ect s 1173. 6 8
Met hods 260 2 130 . 85 >. 05
W't hi n- gr oups 913.6 6 152. 3
W t hi n- Subj ect s 510.7 27
Ar ea 33 3 11 2.09 >. 05
Met hod X Area 383.1 6 63. 85 12. 14 <. 05
Resi dual (S X Area) 94.6 18 5. 26
Tot al 1684. 3 35

Assunptions of the M xed Design ANOVA

Because the nmi xed design involves perform ng an i ndependent sanpl es ANOVA and
a repeated nmeasures ANOVA, the assunptions underlying both of these statistica
procedures are required, as appropriate.
1. Independent Random Sanpli ng.
2. Nornmal Distributions.
3. Sphericity within RMfactor. Sanme as the sphericity assunption for the one-way
RM ANOVA.
4. Honogeneity between groups. The amount of subject by treatment interaction for
any pair of levels in one group is the sane as the amount of interaction for that
pair of levels in any other group

Definitions of Key Terns

One-way repeated neasures ANOVA: ANOVA with one independent variable, of which al
the levels are presented to each subject (or a block of matched subjects).
Repeat ed neasures (RM design: An experinent in which each subject receives al

| evel s of the independent variable.

Random zed bl ocks (RB) design: An experinment in which subjects are matched in
groups (called blocks), and then randomy assigned to the different levels of the
i ndependent variable. |f the nunber of subjects per block equals the nunber of
levels of the 1V, then the RB design is analyzed in exactly the same way as an RM
desi gn.

O der effects: In the sinplest case, treatnent |evels receive an advantage or

di sadvant age depending only on the ordinal position of the treatnment, and not
dependi ng on which treatnment |evel or levels were presented earlier. Such order
effects are called sinple order effects; they can be caused by practice or fatigue,
and can be averaged out by counterbal anci ng

Latin-Square design: A systemfor counterbal ancing in which the nunber of different
sequences of treatnent |evels equals the nunber of treatment |evels. Each treatnent
| evel appears once in each ordinal position; in addition, it can be arranged that
each treatnent level is preceded by each other treatnent |evel only once.

Carry-over effects: The effect of a treatnent |evel can depend, to sone extent, on
the particular treatnment levels that preceded it. Wen these effects are not
symmetric (e.g., the effect of level B nmay be very different when preceded by |eve
A, while the effect of level A may be the sane whether or not it is preceded by
level B), these effects are often called differential carry-over effects.
Differential carry-over effects cannot be averaged out by counterbal ancing, and if




t hey cannot be elimnated by changing the experinental procedure, an RB or
i ndependent groups design shoul d be used.

Sphericity: This condition, which is also called circularity, applies to the
popul ati on when the amount of interaction (or the variance of the difference scores)
for any pair of levels is the sane as for any other pair of levels in the study. |If
this condition does not apply, the usual RM ANOVA procedure will lead to a higher
rate of type | errors than the al pha |l evel that has been set.

Conservative correction: A very conservative approach to the RM ANOVA is to assune
that there is the maxi mum anount of heterogeneity of covariance possible in the
popul ation, and to adjust the degrees of freedom accordingly before | ooking up the
critical F. If the observed F ratio falls between the usual critical F and the
maxi mal |y adjusted critical F, a nore precise estinmate of the degree of honogeneity
of covariance is called for

M xed (or Split-Plot) Design: An experinental design which contains one or nore
bet ween- subj ects factors along with one or nore within-subjects factors.

Bet ween- Subj ects factor: An independent variable for which each subject
participates at only one level (also called a between-groups factor or variable).

Wt hin-Subjects factor: An independent variable for which each subject participates
at every level, or subjects are matched across levels (also called a repeated
nmeasures factor or variable).

Anal ysis of Covariance (ANCOVA): A formof ANOVA, in which a concomitant variable
(i.e., covariate) that is linearly related to the dependent variable, but not the

i ndependent variable is used to renpbve unwanted vari ance fromthe dependent variable
and the group neans.

Chapter 9

The Sign Test

The Sign test can be used in place of the matched t-test when the anount of
di fference between the nenbers of a matched pair cannot be determ ned, but the
direction of that difference can be. Because the direction of each difference nust
fall into one of only two categories ("+" or "-"), the binom al distribution can be
used to determ ne whether a given inbal ance between those categories is likely to
occur by chance (generally, an equal nunber of pluses and ninuses are expected under
the null hypot hesis).

| magi ne an exanple in which there are 14 pairs of nmatched subjects, and 11 of
the differences are in the negative direction, whereas only 3 differences are
positive. A table of the binom al distribution (for P =.5 N = 14) woul d show t hat
the probability for X = 11 is .0222. In addition, the probabilities for X = 12, 13,
and 14 woul d be needed, and they are .0056, .0009, and .0001, respectively. Sunm ng
these probabilities, we obtain: .0222 + .0056 + .0009 + .0001 = .0288. Doubling
this sum we get: .0288 * 2 = .0576; this is our exact two-tailed p level. |In this
case, we could not reject the null hypothesis at the .05 level, two-tail ed.

The Correction for Continuity

Al't hough we woul d not ordinarily cal culate the normal approximation with such
a small N we will do so belowto review the procedure. W will use Formula 9.1
(with the continuity correction):

| X-NP|-.5 [11-7|-.5 4 - .5 3.5
Z= = = = =1.87
/NPO 3.5 1.87 1.87

The above z-score leads to the same conclusion we reached with the test based
directly on the binomial distribution; the null hypothesis cannot be rejected
because the calculated z (1.87) is less than the critical z (1.96). |If you use
Table A.1 to |l ook up the p level (area beyond z) that corresponds to the cal cul ated
z-score, you will see that p = .0307, which is quite close to the one-tailed p |leve



(.0288) found fromthe binomal distribution. Even with a sanple size as snmall as
14, the correction for continuity provides a fairly good nornal approxinmation.

Assunptions of the Sign Test

1. Dichotonpbus Events. Each sinple event or trial can fall into only one or the
other of two categories -- not both sinultaneously, or some third category. The
probabilities of the two categories, P and Q nust sumto 1.0

2. Independent Events. The outcone of one trial does not influence the outcone of

any other trial.
3. Stationary Process. The probabilities of each category (i.e., P & Q renain the
same for all trials in the experinent.

When to Use the Binomial Distribution for Null Hypothesis Testing

1. The Sign Test. The binomal distribution can be used as an alternative to the
mat ched or RMt-test, when it is possible to deternine the direction of the

di fference between paired observations, but not the amount of that difference. The
Sign test can be planned (i.e., no attenpt is nmade to neasure the anount of
difference, only its direction is assessed), or unplanned (e.g., a matched t-test
had been planned but the sanple size is fairly snmall, and the difference scores are
very far fromfollowing a nornal distribution).

2. Correlational Research. The binom al distribution applies when this kind of
research involves counting the nunber of individuals in each of two categories
within a specified group (e.g., counting the nunber of snokers and nonsnokers in an
i ntensive cardiac care unit). The values of P and Q are based on estimates of the
proportion of each category in the general population (e.g., if it is estimted that
30% of the popul ation snoke, then P = .3 and Q= .7).

3. Experinmental Research. The binom al distribution is appropriate when the
dependent variable is not quantifiable, but can be categorized as one of two
alternatives (e.g., given a choice between two roons in which to take a test -- both
i dentical except that one is painted red and the other blue -- do equal nunbers of
subj ects choose each one?).

Two-way Chi - Squar e test

In this exanple, we deal with a design in which one of the variables is
actually mani pul ated by the experinmenter. |nagine that a psychiatrist has been
frustrated in her attenpts to help chronic schizophrenics. She designs an experi ment
to test four therapeutic approaches to see if any one treatment is better than the
others for inproving the lives of her patients. The four treatnments are: intense,

i ndi vi dual psychodynami c therapy; constant unconditional positive regard and
Rogeri an therapy; extensive group therapy and social skills training; a token
econony system The dependent variable is the patient's inprovenent over a six-nonth
period, neasured in ternms of three categories: becane | ess schizophrenic; becane
nore schi zophrenic; or, no discernible change. Eighty schizophrenics neeting
certain criteria (not responsive to previous treatnent, nore than a certain nunber
of years on the ward, etc.) are selected, and then assigned at randomto the four
treatnments, with the constraint that 20 are assigned to each group. After six

nont hs of treatnent, each patient is rated as having inproved, having gotten worse,
or having remai ned the sane. The data can be displayed in a 3 X 4 contingency
table, as in Table 9. 1.

Table 9.1
bserved Psycho- Rogeri an G oup Token Row Suns
Fr equenci es dynani c
| mproved 6 4 8 12 30
No Change 6 14 3 5 28
Got Worse 8 2 9 3 22
Col utm Suns 20 20 20 20 N = 80




First, the expected frequencies nust be found for each of the 12 cells in the
contingency table. Each f_, can be calculated by multiplying its row sumby its
colum sum and then dividing by the total N, which is 80 in this problem However,
sum of the expected frequencies can be found by subtraction. Finding the nunber of
degrees of freedom associated with the above table, tells us how many f 's nust be
cal cul at ed.

di =(R- 1)(C- 1) =(3- 1)(4- 1) =(2)(3) =6

Because df = 6, we know that only six of the f_./'s are free to vary; the
remaining f,/'s can be found by subtraction (within each row and colum, the f_'s
nust add up to the sane nunber as the f 's). However, if you want to save yourself
sone calculation effort in this way, you will have to choose the right six cells to
cal cul ate, as shown in Table 9. 2.

Table 9.2
Expect ed Psycho- Rogeri an G oup Token Row Suns
Fr equenci es dynami ¢
| nproved 7.5 7.5 7.5 30
No Change 7 7 7 28
Got Wor se 22
Col utm_Suns 20 20 20 20 80
To illustrate howthe f_'s were calculated in the above table, we show how we

found the f, for the "Rogerian-No Change" cell.

F o= (Row Sum) (Column Sum) _ (28) (20) _ 560 _ 7
e N 80 80

The f,'s not shown in Table 9.2 can now be found by subtraction. First, find
the f_/'s for the "Got Wirse" cells in the first three colums (subtract the other
two f./'s from20). Then, each f, in the "Token" colum can be found by subtracting
the other three treatnents fromeach row sum The 3 X 4 contingency table with the
observed frequencies and all of the expected frequencies (in parentheses) is shown
in Table 9.3.

Table 9.3
Psycho- Rogeri an G oup Token Row Suns
dynani ¢
| npr oved 6 (7.5) 4 (7.5) 8 (7.5) 12 (7.5) 30
No Change 8 (7) 2 (7) 9 (7) 3 (7) 22
Got Wrse 6 (5.5) 14 (5.5) 3 (5.5) 5 (5.5) 28
Col umm_Suns 20 20 20 20 80

We are now ready to apply Formula 9.2 to the data in Table 9. 3.



(f -F)* B 2 B 2 B 2 B 2 B
X? _ 2: o Te (6-7.5) N (4-7.5) . (8-7.5) N (12-7.5) . (6-7)
f 7.5 7.5 7.5 7.5 7

2
+

_y 2 _7y2 _7y 2 _ 2 _ 2 _ 2 _ 2
N (14-7) . (3-7) N (5-17) . (8-5.5) N (2-5.5) . (9-5.5) N (3-5.5)
7 7 7 5.5 5.5 5.5 5.5

= ,3+1.63+.03+2.7+.143+7+2.29+.57+1.14+2.23+2.23+1.14 = 21.4

From Table A. 7, we see that the critical value of P> for df = 6, and ' = .05,
is 12.59. Because the calculated P? (21.4) is greater than the critical P? the
null hypothesis is rejected. W can conclude that the tendency towards inprovenent
is not 1 ndependent of the type of treatnment; that is, the various treatnments differ
in their population proportions of inprovenent, no change, or worsening.

Assunpti ons of the Chi-Square Test
1. Mutually exclusive and exhaustive categori es. Each observation falls into one
and only one, category.

2. I ndependence of observations. Usually, this assunption is satisfied by having
each frequency count represent a different subject (i.e., each subject contributes
only one observation).

3. Size of expected frequencies. The rule of thunb is that no f, should be | ess
than 5. This rule is relaxed sonewhat if there are many categories (as long as f,
is never less than 1 and no nore than 20%of the f_ /'s are |less than 5), but becomnes
nore stringent if df = 1 (when df = 1, f, should be at |east 10).

When to Use the Chi-Square Test for |ndependence
The uses of the two-variable chi-square tests generally fall into one or
anot her of three types:

1. Two grouping variables -- e.g., proportions of |eft-handed and ri ght-handed
persons in various professions.

2. One grouping variable -- e.g., proportions of babies fromdifferent cultures
expressi ng one of several possible enptional reactions to an experinmental condition
such as renoving a toy.

3. One experinentally-manipulated variable -- e.g., exposing children to violent,
neutral, or peaceful cartoons, and categorizing their subsequent behavior as
aggressive, neutral, or cooperative.

Tests for Ordinal Data
The Mann- Wit ney Test

In this exanple, we deal with a dependent variable that is neasured on a ratio
scale (tine in seconds), but for which the distribution is not consistent with the
use of parametric statistics. In our hypothetical experinent, subjects are asked to
find a "hidden" figure (e.g., a drawing of a dog) enbedded in a very conpl ex visua
stimulus. The anmount of time is recorded until they can trace the hidden figure. One
group of subjects sees a quick flash of the hidden figure (the flash is so fast it's
sublimnal) before beginning the task, while the other group sees an equal ly quick
flash of an irrelevant drawi ng. The anpunt of tine spent by the "prined" group
(correct hidden drawi ng was fl ashed) can be conpared to the "unprined" group
(irrelevant flash) using procedures for ordinal statistics. The amount of tinme (in
seconds) spent finding the figure is shown for each of seven subjects in Table 9. 4.




Table 9.4

Pri med Unpri med
12 10
42 38

8 20
160 189
220 225
105 189

22 45

First, we rank the data for both groups conbined, giving the average ranks for
ti ed nmeasurenents, as shown in Table 9.5. Each rank can be marked with an "A" or a
"B" according to which group is associated with that rank. Because the two sanpl es
are the sanme size, it is arbitrary which group is labelled the smaller group (ng =

n =7); we will label the primed group (A) as the "smaller" group.
Table 9.5

Ti me Rank G oup
8 1 A
10 2 B
12 3 A
20 4 B
22 5 A
38 6 B
42 7 A
45 8 B
105 9 A
160 10 A
189 11.5 B
189 11.5 B
220 13 A
225 14 B

Now we sumthe ranks for the prinmed (A) group. ER, = Sg=1+3 +5+ 7 + 9 +
10 + 13 = 48. As a check, we find ER; = 57, and note that ER, + ER; = 49 + 56 = 105,
which is the same as the sumof ranks 1 to 14 as found by Formula 9.5:

_ N(n+1) _ 14(15) _ 210 _ 105
R 2 2 2

The Normal Approximation to the Mann-\Witney Test
The ER,, which we are labelling S5, can be converted to a z-score by neans of




Formula 9.6. The z-score for the present exanple is:

, . Ss-5(n) (1) 45-.5(7) (15) _ 48-52.5 _ -4.5 _ .
ngn (N+1) J (1) (1) (15)  61.25  1.83
12 12

Al t hough our sanple sizes are too small to justify using the normal approximation,
it is not surprising that the z-score is very far fromstatistical significance,
given that the sunms of ranks for the two groups are not very different.

The W1 coxon Test

In order to create a matched-pairs design, let us inmagine that the subjects in
Table 9.4 were actually paired together based on previous scores on a "field
dependency” test. Thus, each row of Table 9.4 represents a pair of subjects that
had been mat ched before being randomy assigned to either the prinmed or unprined
group. The differences between the two groups can be cal cul ated as shown in Table
9. 6:

Table 9.6
Pair # Pri ned Unpri med Difference
1 12 10 -2
2 42 38 -4
3 8 20 +12
4 160 189 +29
5 220 225 +5
6 105 189 +84
7 22 45 +23

The next step is to rank order the nmagnitude of the difference scores without
regard to their direction (i.e., sign), but next to each rank we indicate the sign
of the difference score with which it is associated (see Table 9.7).

Table 9.7
Di fference Rank
Score
-2 (-)1
-4 (-)2
+5 (+)3
+12 (+)4
+23 (+)5
+29 (+)6
+84 (+)7

The final step is to sumthe negatively and positively associ ated ranks,
separately. FromTable 9.7, ER;,s =1+ 2 =3, and ER,, =3 +4 +5 + 6 + 7 = 25.



The value of T is the snaller of the two suns, so T = 3.

The Normal Approximation to the W1 coxon Test
Wl coxon's T can be converted to a z-score by using Forrmula 9.8, as shown
bel ow for the present exanple.

, - _ T-.25N(N+1) _ 3-.25(7)(8) _ 3-14 _ -11 _ | oo
N(N+1) (2N+1) 7(8) (15) V35 5.92
24 24

Al t hough the nornmal approxinmati on woul d not be used for such a small sanpl e size,
the approximation in this case is actually a reasonably good one (as conpared to a
nore exact test). The z-score calculated above is significant at the .05 | evel for
a one-tailed, but not a two-tailed test. If we assune that the two popul ation
distributions are simlar in form and we can justify a one-tailed test, we can
assert that the nedian solution tine for the prinmed population is |less than for the
unprimed popul ation. Note that the Mann-Whitney test failed to even approach a
significant difference between the groups, but the extra power gained by matching
the subjects led to the (one-tailed) significance of the WI coxon test.

The W coxon matched-pairs test has an advantage over the Mann-Witney test
only if the scores are fairly well matched. The degree of matching can be neasured
by means of the Spearman correlation coefficient, rg
Spearman Correlation for Ranked Data

Correl ation coefficients are often used to describe the reliability of a test,
or the matching between sets of scores in a study, without testing any hypothesis.
W will use correlation in this way to test the matching in Table 9.4. Pearson r
can be calculated directly for the data in Table 9.4, but we will assume that the
distributions of the variables are not conpatible with the assunptions underlying
the use of Pearson's r. To circunvent these assunptions, we assign ranks to the
data separately for each variable, and then apply Pearson's forrmula to these ranks.
That is, we rank the "prinmed" scores 1 to 7 (giving average ranks to ties), and then
rank the unprinmed scores 1 to 7. The original data is then replaced by these ranks.
In Table 9.8, we have included the original data from Table 9.4, along with the
correspondi ng ranks.

Table 9.8
Pri med Rank Unpr i ned Rank D D’
12 2 10 1 1 1
42 4 38 3 1 1
8 1 20 2 -1 1
160 6 189 .5 .25
5.5
220 7 225 7 0 0
105 5 189 -.5 .25
55
22 3 45 4 1
ED? = 4.5

Any of the fornulas for Pearson's r can be applied directly to the ranks in
Table 9.4, and the result would be r,. However, if calculating by hand, it is
easier to conmpute the difference score for each pair of ranks, square each
difference, find the sumof the squared differences (EDY), and insert this suminto



a shortcut formula for Spearman correlation. That is why these differences (D) and
squared differences (D have been included in Table 9.8. To find r, we can take E
fromTable 9.8, and plug it into the follow ng short-cut formula, in which N equals
t he nunber of pairs of scores.

2
r:l—ﬂ:l—w:l—27

—— =1-.080 = .920
N(N%-1) 7(48) 336

As you can see, r, is very high, which indicates that the pairs of scores were
very well matched. This high correlation explains the | arge di screpancy between the
results of the Mann-Witney test (which ignores the matching), and the WI coxon test
(whi ch uses the matching).

Assunptions of Tests on Ordinal Data

All three of the tests described in this chapter are "distribution-free" in
t hat none makes any assunption about the shape of the distribution of the dependent
variable. Only the follow ng two assunptions are required.
1. Independent random sanpling. This is the same assunption that is made for
paranetric tests

2. The distribution of the dependent variable is continuous. This inplies that tied
ranks will be rare. If there are nore than a fewties, correction factors may be
needed.

VWen to Use Ordinal Tests

There are two mmjor situations that call for the use of ordinal tests:
1. The dependent variable has been nmeasured on an ordinal scale. In some cases, it
is not feasible to neasure the DV precisely (e.g., the DV is charisna, or
creativity), but it is possible to place participants in order of nagnitude on the
DV, and assign ranks.

2. The dependent variable has been nmeasured on an interval or ratio scale, but the
distribution of the DV does not fit the assunptions for a paranetric test. The
smal l er the sanples, the less accurate paranetric tests becone in this situation
The interval /rati o measurenents are assigned ranks before applying ordinal tests.

Definitions of Key Terns
D chotomous. Consisting of two distinct, nmutually exclusive categories (e.g., heads
or tails; on or off).

Bi nomial distribution. Wen N independent, dichotonous sinple events occur, this
distribution gives the probability for each value of X, where X is the nunber of
simple events falling into one of the two categories (X ranges fromO to N)

Sign test. An alternative to the matched t-test in which only the sign of each

di fference score is used. The probability of a true null hypothesis producing the
observed results is derived fromthe binom al distribution

Probability. A nunber that tells you the |ikelihood of sone event occurring, usually
expressed as a proportion that goes fromzero (no chance of the event occurring) to
one (certainty that the event will occur). In terns of a distribution, the
probability that an event will be froma particul ar range of values is given by the
area under the curve corresponding to that range of val ues.

Mutual Iy exclusive. Two events are nutually exclusive if the occurrent of one event
is inconpatible with the occurrence of the other event. Areas in a distribution that
do not overlap represent nutually exclusive events.

Exhaustive. A set of events is exhaustive if all possibilities are represented, such
that one of the events nust occur. When a coin is flipped, the events "heads" and
“"tail s" are exhaustive (unless you think there is a chance the coin will |and and
remain on its edge). Heads and tails are also nutually excl usive.

| ndependent. Two events are independent if the occurrence of one event does not
change the probability of the occurrence of the other event. Under ordinary
circunstances, two flips of a coin will be independent.




Cl assical approach to probability. The probability of a conplex event is determ ned
by counting the nunber of outcones included in that event, and dividing by the total
nunber of possible outcones (assumng all outconmes are equally likely). This
approach is especially appropriate when dealing with ganes of chance.

Enpirical approach to probability. Probabilities are estinmated by using sanpling,
rat her than exhaustive counti ng.

Distribution-free test. An hypothesis test, in which no assunption needs to be made
about the distribution of the observed variables. In fact, the dependent variable
can be dichotonous, as in the Sign test. Non-parametric tests generally fall in
this category.

Chi -square distribution. A continuous, nathematical distribution that is usually
positively skewed, but whose exact shape depends on the nunber of degrees of freedom

Pearson's chi-square statistic. A measure of the discrepancy between expected and
obtai ned frequencies in a sanple. It follows one of the chi-square distributions
approxi mately, when the null hypothesis is true, and certain assunptions are net.

Pearson's chi-square test of association (also test for independence). The expected
frequencies are found for a two-way contingency table, based on the nargi nal suns
and the assunption that the two variabl es are i ndependent. Then Pearson's chi-
square statistic is applied to neasure the di screpancy between the expected and
observed frequenci es.

Goodness-of -Fit Test. This termrefers to a one-variable chi-square test; the fit
i s measured between the frequencies of different categories in a sanple, and the
frequenci es of those categories in a real or hypothetical population

Contingency table. Displays the frequencies of joint occurrence for the categories
of two or nore variables; in the two-variable case, each category of one variable is
divided into all the categories of the other variable, and the joint frequency is
shown for each cell of the two-way matrix.

Yates' Correction for Continuity. A half unit (.5) is subtracted fromthe absol ute
val ue of the difference between an expected and an observed frequency to reduce the
di screpancy between the distribution of the chi-square statistic (discrete), and the
correspondi ng chi-square distribution (continuous), when there is only one degree of
freedom

Phi Coefficient. A Pearson correlation coefficient that is calculated for two
variables that consist of only two values each. Phi (N) can be found from P? and N.
Cranér's phi. A statistic closely related to phi (e.g., it ranges fromO to 1) that
can be applied to contingency tables larger than 2 X 2.

Mann- Whi t ney Test. Conpares two i ndependent groups when the dependent variabl e has
been neasured on an ordinal scale. Also called the Mann-Wiitney Utest (if the U
statistic is conputed), or the WI coxon- Mann-Witney test.

W coxon natched-pairs test. Replaces the natched t-test when differences scores
are not considered precise, but can be rank-ordered. Al so called the Wl coxon T
test, because the test statistic is referred to as T.

Spearman correlation, r,. This is the result of applying the Pearson correlation
formula to two variables when both are in the form of ranks.

Kruskal -Vl lis test. This test is a direct extension of the Mann-Witney test that
can accommodat e any nunber of independent groups. Because it replaces the one-way
ANOVA when the data are in the formof ranks, it is sonetines called the Kruskal -
Wal lis one-way analysis of variance by ranks. It is also called the Kruskal-Vallis
H test, because the test statistic is referred to as H

Friedman test. This test replaces the one-way repeat ed- measures or random zed
bl ocks ANOVA when the data are in the form of ranks.




