Revi ew of Basic Math
(for users of Explaining Psychological Statistics by B. H Cohen
or Essentials of Statistics by B.H Cohen and R B. Lea)

I will begin by assum ng that you will be using an el ectronic cal cul at or
with a square root key to solve the exercises in this text. You nay be using
a statistical or scientific calculator which finds the variance or standard
deviation of a string of nunbers automatically, but that function should not
be used when the object of the exercise is to calculate the variance or
standard deviation by one of the forrmulas in this text. However, regardl ess of
how sophi sticated your calculator is, you will need to recall sone of the
basi cs of high school nathematics to solve sonme of the exercises, and to
foll ow sone of the nore mathematical discussions and derivations in the text.
My texts stress understanding the structure of statistical fornulas and the
rel ationship between seeningly very different forrmulas. Gven this enphasis
you nmay need to brush up on sone basic mathematical concepts to appreciate
fully the understanding ny texts are trying to convey. The math revi ew t hat
foll ows contains only the concepts and procedures that you will need for ny
texts.

To hel p you determ ne whet her you need to review basic nmath, | devised a
two-part diagnostic quiz. The two parts of the quiz correspond to the two
parts of the math review that follows (the answers to the diagnhostic quiz are
at the end of the math review). |If you get nore than two answers wong in one
part of the quiz, it is strongly recommended that you study the math revi ew
corresponding to that part. After studying the math review, and worki ng out
the practice exercises, you should take the post review quiz for the part or
parts you studied (the answers to the practice exercises and the post review
quiz are at the end of the math review). |If you still get nore than two
answers wong in either part of the quiz, you should consider a nore extensive

review of the math concepts with which you are having sone difficulty.



Basic Math Review

Di agnostic Quiz

Part |

1. 11 - 3*2-8+2=27

2. (11 - 3) *2-8+2=7

3. 14 + (-2) + (-5) +4 - (-1) =2
4. (-9) * (-2) = (-6) =7

5. Convert 6 / 50 to a decinal.

6. Convert .003 to a fraction.

7. Wat fraction corresponds to 7%
8. Wiat percent of 86 is 167?

9. Wat is the value of 4.1 * 10°%?

-
©

Express 5.5% as a deci nal .

Part |1

1. (F/ &X - (LS/ &X) =72

2. T/S+ LIK=?

3. (R/ @@ *(M/ 8§ =72

4. (BIO=(XY) =72

5. Sinplify this fraction: (RX+tPR)/ QR

6. Wat is the value of Y in the following equation? & - 6 =1
7. Solve the followi ng equation for X 2Y = CX + B.

If A=3 and B =5, what is the value for each of the follow ng expressions?

8. (2A+B)? 9. %(2A+2B) 10. 2BA?
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Part |. Arithmetic Operations
A. Order of Arithnetical Operations

Synmbol s you will need:

+ addi tion | | absol ute val ue
- subtraction > greater than
* mul tiplication < | ess than
+ or / division $ greater than or equa
not equal to # | ess than or equa

If you have a string of nunbers separated by various arithnetica
operations, the convention is to performthe operations fromleft to right,
except that multiplication and division take precedence over addition and
subtraction. Consider the follow ng sequence: 12 - 6 + 2 + 9 - 4 * 3. If you
perfornmed the operations fromleft to right without regard for precedence, the
sequence woul d be evaluated as follows: 12 - 8 + 2 + 9 - 4 * 3 =

4 +2+9-4*3=2+9-4*3=11-4*3=7%*3 =21 Recognizing the
precedence of nultiplication and division over addition and subtraction, the
sequence is evaluated differently: 12 - 8 + 2 +9 - 4 * 3 =12 - 4+ 9 - 4 * 3
=12 - 4 +9 - 12 =8 +9 - 12 =17 - 12 = 5. Parentheses are used to change
the conventional order of operations, or to make the order nore obvious. The
rule is that the operation enclosed in parentheses is perforned before those
surrounding it. For exanple, the value of the sequence above can be changed by
addi ng parentheses in the followi ng manner: (12 - 8) + 2 + (9 - 4) * 3 =

4 +2+(9-4) *3=4+2+5*3=2+5*3=2+15-=17

Practice: a) (4 + 3)*(8 - 6) =7 b) 7*(5 - 2) + 3 =7
c) 12 +6 + 15 * 2 = 7? d 10+3+2*8-5=7
e) 20* 2 +6 * (9 -5 =72
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B. Signed Nunbers

Nunmbers that are witten without plus signs in front of themare assuned
to be positive (i.e., greater than zero). A minus sign in front of a nunber
indicates that it is negative (i.e., less than zero). Wen positive and
negative nunbers are m xed together in the sanme sequence, it is conmon to use
plus signs in front of the positive nunbers to reduce the possibility of
confusion. The conventional way to think about nunbers is to inagine a
hori zontal nunber line that extends infinitely to the left and to the right.
Zero is in the mddle, and the nunbers becone nore positive (i.e., larger) as
you nove to the right of zero, and nore negative (i.e., snmaller) as you nove
to the left of zero). Thus, larger negative nunbers are said to be | ess than
smal | er negative nunbers (e.g., -7 < -5), because they are nore negative
(i.e., further to the left on the nunber line). It can be confusing to think
of -7 as being smaller than -5. It may help to think of a bank account;
negative nunbers nmean you owe the bank. The | arger the negative nunber the
nore you owe, so in that sense your bank account is smaller

On the other hand, in sonme cases we are interested only in the magnitude
of the nunber (i.e., its distance fromzero) and not its sign. In those cases,

we are interested in the absolute value of the nunmber. The nat hematical synbo

for absolute value is a pair of vertical |ines surrounding the nunber. The
absol ute value of a positive nunber is the sanme as the nunber (e.g., |+4| =
+4), but the absolute value of a negative nunber is the sanme nunber with the
sign changed frommnus to plus (e.g., |-7| = +7). 1In terns of absolute
val ues, |-7] > |-5]

To add a negative nunber and a positive nunber, find the difference
bet ween the two absol ute values (subtract the smaller fromthe | arger absol ute
val ue) and then add the sign of the nunber that had the |arger absol ute val ue.
For instance, to add -7 and +5, ignore the signs, subtract the smaller from
the larger nunber (7 - 5 = 2), and then add a mnus sign to the result (-2),
because the nunber with the |arger absolute value (-7) has a mnus sign. |If

you need to add a whole string of positive and negative nunbers, the easiest
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way is to add all the positive nunbers together into one positive nunber, and
then all of the negative nunbers into one negative nunber (you can add a
string of negative nunbers by ignoring the m nus signs, adding all the
nunbers, and then attaching the mnus sign to the sun). Once you have a single
positive nunber and a single negative nunber you can add them toget her
according to the rule just given above. To subtract a negative nunber, you
just change it to a positive nunber and add it. For instance, 5 - (-7) =5 + 7
= 12. You can say that the two mnus signs in a row "cancel each other out."

There is one sinple rule that covers both the nmultiplication and
di vi sion of signed nunbers. If the two nunbers have the sanme sign, the result
will be positive; if the two nunbers have different signs, the result will be
negative. lgnore the signs when perfornmng the rmultiplication or division, and
just attach the appropriate sign to the result (Note: the result of a
multiplication is called a product, and the result of a division is called a
quotient).

For exanmple, (-5)(-7) = +35. [Note that the nultiplication dot was not
needed in the previous problem when two sets of parentheses are placed next
to each other, nmultiplication is assuned.] Sone additional exanples should
help to nake the rule clear: (-4)(+6) = -24; (+8) + (-2) = - 4;

(-27) + (-9) = +3.

Practice: a) -18 - (-5) =72 b) -20 + 14 = ? c) -90 + +5 = ?

1
N

d (-14)(-7) e) (-3) + (+11) + (-8) + (-10) + (+5) =72
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C. Converting Fractions to Decinmals and Decinals to Fractions

Fi nding the decinmal that corresponds to a fraction is very easy to do
with a calculator. The top part of the fraction is called the nunerator, and
the bottompart is called the denoninator. The horizontal line of a fraction

means "divided by." To find the decinal corresponding to a fraction the
nunerator is divided by the denomi nator. For instance, if the fraction is 2/3,
find the answer to "2 divided by 3" on your calculator; you will see that

2/3 = .6666..., etc., which can be rounded off to .67 (see Chapter 1).

However, if the denom nator is 10 or some power of 10 (e.g., 100, 1000,
etc.), you should not need to use a calculator to convert a fraction to a
decimal -- you just take the nunerator and insert the decimal point in the
appropriate place. If the denomnator is 10, insert a decimal point in the
nuner at or (assuming the nunerator is a whole nunber) so that there is only one
digit to the right of the decimal point (e.g., 23/10 = 2.3), and then drop the
denom nator. In general, the nunber of digits to the right of the decinal
point is determ ned by the nunmber of zeroes following 1 in the denom nator
For instance, when dividing by 1000 there will be 3 digits to the right of the
deci mal point, so 23/1000 becomes .023 (you need to add as many zeroes to the
left of the nunerator as it takes to have the required nunber of digits to the
right of the decimal point).

If the denominator is not a power of 10, the fraction can still be
easily converted to a decinmal without a calculator, if the denom nator can be
changed to a power of 10 by multiplying or dividing by a whole nunber. The
trick is that whatever is done to the denom nator to change it into a power of

10 nust al so be done to the nunerator. Miltiplying or dividing both the

nunerator _and the denomi nator by the sane nunber will not change the val ue of

the fraction. For instance, 23 / 50 = 46 / 100 = .46. On the other hand,

74 | 200 = 37 / 100 = .37. In this last exanple, the denom nator was divided
by a factor of 2 to becone a power of 10, so the numerator had to be divided

by 2, as well. If dividing the nunmerator does not give you a whol e nunber, do

not use division at all. You can always use nultiplication instead.
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For exanple, both the nunerator and denoninator of 74 / 200 can be multiplied
by 5 to yield 370 / 1000. If this results in the nunmerator ending in zero, you
can drop the zero at the end of the nunerator if you also drop the last zero
in the denom nator (370 / 1000 becores 37 / 100).

It is always easy to convert a decimal into a fraction that involves a
power of 10 (e.g., tenths, hundredths, etc.). The nunber of digits to the
right of the decimal point tells you how many zeroes should follow 1 in the
denom nator (this is just the reverse of the nethod in the previous section).
For instance, .703 has three digits to the right of the decinmal point, so the
denom nator will be 1000. The origi nal nunber goes in the numerator, except
that the decinmal point is renmoved. Therefore, .703 = 703 / 1000 (which is read
as 703 thousandths). Sonetines, a decinmal corresponds to a sinple fraction
For exanple, by the nethod above .75 would be converted to 75 / 100, but this
fraction is also equal to the rmuch sinpler 3/4. Reducing a fraction to its
sinplest forminvolves dividing both the nunerator and denoni nator by the sane
whol e nunber, such that the nunmerator and denomi nator both remain whole
nunbers. Reducing fractions to sinple ternms can be a useful thing to do, but
because it is not a necessary step to finding a correct answer, | will not

devote space to it here

Practice: Convert each of the following to a fraction: a) .0202 b) .881
Convert each of the following to a decimal: c) 3/500 d) 437/10,000 e) 17/20

D. Converting to and from Percent ages

A percentage is just a shorthand way of expressing a fraction in terns
of hundredths ("percent” can be read as "out of or over one hundred"). In
fact, the percent synmbol, % is just an alternative way of witing /100. You
can al ways convert a percentage to a fraction by putting the percentage in the
nunerator of a fraction (renoving the percent sign) and putting 100 in the
denom nator. For instance, 83% neans 83 over 100 or 83/100. If the percentage

contains a decinmal point (e.g., 83.5%, the fraction will not cone out in a
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sinple form(e.g., 83.5/100). In that case, it is better to convert the
percentage to a decinmal first, and then convert the decinal to a fraction, if
that is what is desired. To explain howto convert percentages to decimals
need to discuss nultiplying and dividing decimals by a power of 10.

When you multiply a decinmal by a power of 10, you nove the decimal point
to the right; when you divide it by a power of 10, you nove the decimal point
to the left. How nmany places (i.e., digits) you nove is determ ned by the
nunber of zeroes following 1. For instance, if you want to nmultiply .703 by
100, you nove the decinmal point two places to the right, so the result becones
70.3. If you nultiply 83.5 by 100, the result is 8350. Notice that a zero had
to be added at the end so the decimal point could be noved two places to the
right (when there are no digits to the right of the decimal point, as in 8350,
it is customary to not show the decinal point). To divide 83.5 by 1000 you
nmove the decimal point 3 places to the left which results in .0835 (notice
again that a zero had to be added, this tinme on the left, so that we could
nmove three places to the left).

To convert a percentage to a decinal, just drop the percent sign and
di vide the nunber by 100. For exanple, 83.5% becones .835, 2% becones .02, and
0. 4% becones .004. To convert a decinmal to a percentage, multiply by 100 and
add the percent sign. For exanple, .66 becones 66% .066 becones 6.6% .0066
becones .66% and .00066 becones .066% To convert a fraction to a
percentage, first convert to a decimal, and then use the nmethod j ust

descri bed. For exanple, 3/8 = .375 = 37.5% 3/20 = .15 = 15% and 3/200 =

.015 = 1. 5%
Practice: Convert each of the following to a percentage: a) .062 b) 7/25
c) .0076

Convert each of the following to a fraction: d) 99.5% e) .095%
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E. Scientific Notation

If the result of a calculation has nore digits to the right or left of
t he decimal point than can be di splayed on your cal culator, the nunmber will be
displayed in a formthat is often called scientific notation. Mst cal culators
will display a nunber between 1 and 10 together with an exponent that tells
you whi ch power of 10 (e.g., how many zeroes follows the 1) you nust nultiply
t hat nunber by. For instance, the nunmber 200 million is too large to be shown
in standard formon a calculator with an eight-digit display, so it would be
expressed as 2 with an exponent of 8. In scientific notation this would be
witten as 2 X 10% | will explain exponents further in the second part of the
math review, but for now you can think of 10% as a shorthand way of expressing
a nunber that consists of 1 followed by 8 zeroes (i.e., 100 million). To save
space, nost calculators use an even briefer formby | eaving out the 10 (which
is always part of scientific notation) and only showi ng its exponent.

Converting scientific notation to a standard deci mal invol ves
mul tiplying by a power of 10, as explained in the previous section. For
exanpl e, 3 X 10° neans multiply 3 by a nunber consisting of a 1 followed by 9
zeroes. In order to nove the decimal 9 places to the right of the 3, you nust
add 9 zeroes to the right of the 3; the result is 3,000, 000,000. For another
exanpl e, 8.19 X 10° = 819,000. A negative exponent means that you need to
divide instead of nultiply. For exanple, 8.19 X 10°% neans that 8.19 is
di vi ded by 1000. Moving the decimal three places to the left, the result is
. 00819.

If a nunmber is not between 1 and 10, it can be converted to scientific

notation by noving the decimal point until the number is between 1 and 10. The
nunber of places you had to nove the decimal point to achieve this is the
exponent (e.g., the power of 10); the exponent is positive if you nmoved the
decimal point to the left, and negative if you noved it to the right. For
exanpl e, to convert 86,100 into a nunber between 1 and 10 multiplied by a
power of 10, you must nove the decimal point four places to the left, so
86,100 = 8.61 x 10°. On the other hand, to convert .00319 into a nunber
between 1 and 10 nultiplied by a power of 10, the decinmal point nust be noved

three places to the right, so .00319 = 3.19 x 10°%

Practice: Convert each of the following to scientific notation: a) 3,877,300
b) .00301 c) .0000029. Convert each of the following to standard notation
d) 5.16 * 10’ e) 4.20 * 10°
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Sunmary of Part |

A. Order of Arithnetic Operations
1. Arithnetic operations proceed fromleft to right, except that
mul tiplication and division take precedence over addition and subtraction
2. Qperations enclosed in parentheses are perforned before adjacent
operations.

B. Signed Numbers

1. Nunbers without signs are assuned to be positive.

2. Alarge nunber with a mnus sign is considered | ess than a small nunber
with a mnus sign.

3. The absol ute value of a positive nunber is the sane as the origina
nunber, but the absol ute val ue of a negative nunber is the sane nunber with the
sign changed frommnus to plus (e.g., |-5 = +5.

4. To add a positive and a negative nunber, find the difference of the two
nunbers ignoring their signs, and then attach the sign of the nunber with the
| arger absol ute val ue.

5. To add a series of nunbers, sone positive and some negative, add all the
negati ve nunbers separately fromall the positive nunbers, so that you have just
one negative nunber and one positive nunber. Then proceed as in the previous
poi nt .

6. To subtract a negative nunber, change the sign of the nunber to a plus
and then add the nunber (e.g., 8 - (-4) =8 + 4 = 12).

7. VWen nmultiplying or dividing two signed nunbers, the final result will be
positive if the two nunbers have the sane sign, and negative if the two nunbers
have opposite signs.

C. Converting Fractions to Decimals and Decinmals to Fractions

1. To convert a fraction to a decinmal on your calculator, just divide the
nunerator of the fraction by the denom nator, and round off according to your
needs.

2. If the denominator of the fraction is a power of 10 (1 foll owed by sone
nunber of zeroes), insert a decimal point in the nunerator so that the nunber of
digits to the right of the decimal point is the sane as the nunber of zeroes
followng 1 in the denom nator -- then drop the denoni nator

3. Multiplying or dividing both the nunerator and the denom nator by the
sanme nunber will not change the value of the fraction

4. To convert a decimal into a fraction, drop the decinmal point and create a
denom nator that consists of 1 followed by a nunber of zeroes equal to the nunber
of digits to the right of the decinmal point in the original nunber (e.g., .3456 =
3456 / 10, 000).
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D. Converting to and from Percent ages

1. If the percentage is a whole nunber, it can easily be converted to a
fraction by renmoving the percent sign and putting 100 in the denoni nator

2. To multiply a decimal by a power of 10, nove the decinal point to the
right a nunber of places that equals the nunber of zeroes following 1 in the
multiplier, adding zeroes on the right, as necessary.

3. To divide by a power of 10 nove the decimal point to the |left, adding
zeroes as necessary.

4. To convert a percentage to a decimal, drop the percent sign and divide
t he nunber by 100 (i.e., nove the decimal point two places to the left).

5. To convert a decimal to a percentage, nultiply by 100 (i.e., nove the
deci mal point two places to the right), and add the percent sign

E. Scientific Notation

1. Any nunber can be expressed in scientific notation; the number nust be
converted to a part that is between 1 and 10, which is nultiplied by a part that
consists of 10 raised to sone power.

2. The number of places the decimal point had to be noved to convert the
original nunmber to a nunber between 1 and 10 is the exponent (i.e., power) that is
attached to 10. If the decinal point had to be noved to the left, a plus sign is
attached to the exponent; if the decimal point had to be noved to the right, a
mnus sign is attached to the exponent (e.g.,.00319 =3.19*10°% 973, 600 =9. 736* 10°).
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Part |1

A. Addi ng and Subtracting Fractions

In order to add or subtract fractions, they nmust have the sanme denom nat or
There are rules you can use to nmake the denoninators the sane, but if the
fractions involve actual nunbers (e.g., 3/4, 3/20) you can nore easily convert
themto decinmals and add or subtract them on your calculator. If the fractions
i nvol ve synmbols (e.g., 2X/ Y), the same rules can be used to change the way the
fraction | ooks. Because statistical formulas frequently contain fractions, and
changing the formof the fraction can nmake the formula | ook very different, it is
worth exploring the various al gebraic rules affecting fractions. The first rule is
that when two fractions have the sane denomi nator you can add or subtract the
nunerators, and put the sumor difference over the comopn denom nator. For
instance, X/ Z+ Y/ Z=(X+Y) [/ Z This rule can also be reversed; if the
nunerat or contains addition or subtraction, the fraction can be broken apart.
For exanmple, (2A-3B) / 4C = 2A/ 4C - 3B/ 4C. However, it is inportant to note
that this rule does not work for addition or subtraction in the denom nator
A/ (B + C cannot be broken apart.

If the denom nators do not match they nust be changed so that they do match

before the fractions can be added or subtracted. O course, if you change the
denomi nator of a fraction, you rmust al so change the numerator in a conpensating
way, or you will change the value of the fraction. This |leads to the next sinple
rul e involving fractions: you can multiply or divide both the nunerator and
denomi nator of a fraction by the sane constant or variable w thout changing the
val ue of the fraction. For instance, A/ B =2A/ 2B, and X/ Y = AX/ AY. This
rule can be used to nmake the denoninators of two fractions match. The trick is to
multiply the numerator and denom nator of each fraction by the denoni nator of the
ot her fraction. For instance, suppose you want to add (A/ B) + (X / Y). First,
you multiply the top and bottomof A/ B by Y to get AY / BY. Next you multiply
the top and bottomof X/ Y by Bto get BX/ BY. Now that the denom nators match
you can add (AY / BY) + (BX / BY) = (AY + BX) / BY.

Practice: a) (X'4) - (3Y/4) b) (XY / RO + (5/ RO c) (5P/ Q + (3P/ T
d (A/ 5 - (B/ 2) e) (4/ Xy + (81 Y
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B. Multiplying and Dividing Fractions
The rule for multiplying fractions could not be sinpler. The denoni nators do

not even have to match. Just multiply the two nunerators and multiply the two
denom nators. For exanple, (X / 2)*(B/ C = XB/ ZC Wen you nultiply both the
nuner at or and denomi nator of a fraction by the same constant or variable, say C,
what you are really doing is multiplying the fraction by ¢ C For instance
multiplying X'Y by G Cyields XC/ YC. However, a fraction in which the nunerator
equal s the denomi nator (e.g., C/C is always equal to 1. Therefore, another way to
understand how the formof a fraction can be changed w thout changing its value is
torealize that multiplying a fraction by any other fraction that is equal to 1

will not change the first fraction. The new formis said to be algebraically

equivalent to the first form

One nore rule concerning nultiplication is worth nmentioning. Wien a fraction
is multiplied by a whole nunber, it is only the nunerator that gets nultiplied.
For instance, if you want to multiply AAB by C, you can wite
C(A/ B) or AC/ B; the two fornms are equivalent. The rule can be reversed,
whenever there is a nultiplication in the nunerator, one of the terns can be noved
in front (or in back of) the fraction. For exanple, 2X / Y can be witten as
2 (X1 Y).

The rule for dividing fractions involves only a slight nodification of the

rule for multiplication. The second fraction, called the "divisor," nust be
inverted, and then the two fractions are multiplied. For instance,

(2X | 3Y)=(4D/ 5E) = (2X / 3Y)*(5E / 4D) = (2X)(5E) / (3Y)(4D) = 10XE / 12YD.
One way that the division of fractions is expressed is to put a fraction in the
nuner at or and/or denomi nator of another fraction. For instance,

(X'Y) I Zis the same as X/'Y = Z, which according to the division rule, neans
XYy * 1/Z = X/ (YZ). When a fraction appears in the nunerator of another
fraction, as in the exanple above, the sinple rule is to put the two denom nators
together (i.e., nove the denom nator in the nunmerator down so that it multiplies

t he denom nator of the entire fraction).

Not e that any whol e nunber or variable (e.g., Z) can be expressed as a
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fraction by placing it over 1 as a denonminator (e.g., Z = 2/1). Inverting a
fracti on neans that the nunerator and denom nator trade places. In the case of a
whol e nunber, this means that 1 appears in the nunerator instead of the
denom nator. Inverting the nunber nmeans finding its reciprocal (e.g., the
reciprocal of Zis 1/2).

When a fraction appears in the denom nator of another fraction [e.g.
X/ (Y] Z)], you can again express this as a division problem For exanple,
X! (Y] Z) =X+Y[/Z = X*(Z/IY =(X/I1) *(Z/ Y) = XZ/ Y. The sinple
rule is that the denom nator of the denonminator is noved up to the numerator
Finally, when there are fractions in both the nunerator and the denom nator [e.qg.
(A/ B /I (C/ D], it is just another way to show that two fractions are to be
di vided using the division rule described above. For exanple, (A/B) /| (D =
(A/ B - (C/ D =(A/ B *( DG =AD/ BC

Practice: a) X (A/ B) b) (5/7 X) * (Y] 6) c) (2D/ E) = (3F/ @Q
d (3X/ 7)Y e) AB/ (X 3)

C. Factoring

Consider the follow ng expression: A(X + Y). You may recall that the
parent heses indicate that X and Y are to be added before being multiplied by A
However, it is also permssible to multiply both X and Y by A before adding --
that is, A(X+Y) = AX + AY. This rule is often used in the reverse manner to
factor out a cormmon termin a conpl ex expression. For instance,
2BX + 3BY + 4AB = B(2X + 3Y + 4A). Another useful rule is that terns that appear

in both the nunmerator and denomi nator of a fraction can be "canceled out." For
exanple, AB/ BC can be reduced to A/ C. The nunerator and denoni nator are being
di vided by the sane factor, which doesn't change the value of the fraction. This
is just the reverse of multiplying the numerator and denom nator by the sane
factor, which also doesn't change the value of the fraction

The two rul es described above can be used together to sinplify a conpl ex
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fraction, such as the following: (AC + BC) / DC. First Cis factored out of the
nunerator to yield: C(A+ B) / DC. Then, Cis canceled out of both the nunerator

and the denomnator to leave: (A + B) / D.

Practice: a) 3 * (2A + B + 40 b) 5* (B + 0.2Y)
Factor out the comon termin each of the follow ng:

c) 2XY + 2AX + 2X d) QPR - (PR/ 4) + 3PRS e) (3CD - 3DY) / 3AD

D. Exponents and Square Roots

You probably recall that in the expression X* the 2 is called the exponent
(X, inthis case, is called the "base"), and it neans that X is to be nultiplied
by itself (X * X). An exponent of 3 would indicate that a string of three X' s are
to be multiplied (X* X * X), and so on. Wen the exponent is 2 we say that the
nunber is being squared. Exponents greater than 2 are rarely used in statistics
text, so |l will not devote space to them here.

The exponent takes precedence over the arithmetic operations that we have
been dealing with, so if you see XY? it is only the Y that is being squared (i.e.
the squaring occurs before the nmultiplication of X and Y). If you want the product
of X and Y to be squared you can use parentheses to indicate that the
multiplication is to be done first: (XY)2 Once you are squaring both the X and
the Y it doesn't matter whether you nmultiply before squaring, or square before
multiplying -- that is, (XY)? = XY>. However, the order does make a difference
when addition or subtraction is involved. For instance, (A + B)? does not equal A?
+ B% (You can check this with some sinple nunbers, such as A =2 and B = 3). The
expression (A + B)? is the same as (A + B)*(A + B), which requires the
multiplication of two binonmals (a binomal is just two ternms being added or
subtracted). The product of (A + B) times (A + B) equals A? + B> + 2AB which is

al ways | arger than A> + B> when A and B are both positive nunbers.
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The square root of a nunber is the nunber that has to be squared to get back
to the original number. In other words, (%X)? = X. It is also true that: %X = X
If you are trying to remenber the square root of a nunber (e.g., 144) and you
think it mght be 12, you can always check by squaring 12 (i.e., 12 * 12) to see
if it equals 144. The rules for mxing nultiplication with the square root are
simlar to the rules for exponents. First, the square root applies only to the
ternms under the square root sign. For exanple, %X Y neans that the square root of
Xis multiplied by Y. On the other hand, %(XY) nmeans that X and Y are nultiplied
first and the square root of the product is taken (I will use parentheses to
i ndicate which terns are included under the square root sign). However, the order
in that case doesn't matter: %(XY) = %X %Y. As with exponents, the order of
operations does nmeke a difference when addition or subtraction is involved. For
i nstance, %(X-Y) does not equal %X - %Y.

The rules that concern squaring or taking the square root of a fraction are
very straightforward. Squaring a fraction is equivalent to squaring both the
nunerator and denoni nator separately. For exanple, (X' Y)? = X*/ Y2 Sinilarly,
taking the square root of a fraction is equivalent to taking the square roots of
both the nunmerator and denom nator separately. For exanple, WX/ Y) = %X/ %Y.
Sonetimes this rule is used in reverse. For instance, A/ %B can be rewitten as
%A%/ %B (recall that %A> = A), and then the previous rule can be used in reverse to

yield: %(A%B).

Practice: Rewite the followi ng expressions wthout parentheses: a) (3FQ ?

b) (2X / 5Y)?2 c) (%4BC) 2.

Rewrite the followi ng expressions with a single square root sign and sinplify:

d) (%5J) (%3K) e) XY / %AX
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E. Sol ving Sinple Equations

An equation is a statenent that two nmathematical expressions are identical
in their nunerical value. Equations are usually easy to solve when the
mat hemat i cal expressions involved use only the four basic arithmetic operations
(addition, subtraction, multiplication, and division). An equation that includes a
square root or an exponent, for exanple, is considerably nore difficult to solve,
so | will confine ny discussion to sinple equations. |If you are dealing with a
sinmple equation with only one variable --e.g., 5X - 2 = 13 -- you can use a few
al gebraic rules to find the value of that variable. On the other hand, if a sinple
equation contains several variables you won't be able to find the value of each
vari abl e, but you can use the same al gebraic rules to change the appearance of the
equation, which is often desirable. The nost fundamental rule when working with
equations, is that whatever nmanipulation is perfornmed on one side of the equation
(i.e., on one side of the equals sign), the sane mani pul ati on nust be perforned on
the other side. Ot herwise, the two sides of the equation will no |onger be equal

Wen the equation has only one variable, the goal is to isolate the variable
on one side of the equation, so that the other side of the equation can be reduced
to a particular nunerical value. For exanple, if the equation we are dealing with
is 5X - 2 =13, we want to rearrange the equation into the form X = N, where Nis
sonme particular nunber. There are two terns that must be noved in order that X can
be alone: the termthat is nmultiplying X (i.e., 5) and the termthat is being
subtracted fromX (i.e., 2). It is usually easier to deal with addition and
subtraction, so let us direct our attention to the latter termfirst. To get rid
of -2 we add +2 to both sides of the equation

X -2=13
+2 = +2
X =15

Then to get rid of the 5, we divide both sides of the equation by 5:

X _ 15
5 5
X =3

We can check that X = 3 by substituting 3 for X in the original equation:
5(3) - 2 =13; 15 - 2 = 13; 13 = 13.

These sane rul es can be used to change the formof an equation, even if it
contains no nunbers at all. Consider the foll ow ng equation
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AX + B _ py

C

If you are interested in the value of X, when values of the other variables
have been filled in, it may be convenient to solve the equation for X, which neans
i solating X on one side of the equation. W begin by nultiplying both sides of the
equation by C, in order to get C anay fromthe side of the equation that contains
X

@:CDY

Canceling out Cin the left side of the equation, we are left with AX + B = CDY.
Next we subtract B form both sides:

AX + B = CDY

-B= -B
AX = CDY - B
Finally, we divide both sides by A
AX CDY - B CDY - B
_=—; szz—
A A A

Practice: Find the value of Y in the followi ng equations: a) Y/3 + 15 = 21
b) 0.7y -7 =17

Solve for 22 c¢) (22 +8) /] 6 =X d 32/ 5=A/ B e) Bz - 5X = 2AC
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Sunmary of Part 11

A. Adding and Subtracting Fractions

1. If two fractions have the same denoni nator they can be added (or
subtracted) by adding (or subtracting) the nunerators and placing the sum (or the
di fference) over the comon denomi nat or

2. If the numerator and denomi nator of a fraction are both nultiplied or
di vided by the sane constant or variable, the value of the fraction will not be
changed.

3. The denom nators of two fractions can be made to match by multiplying
both the nunerator and denom nator of each fraction by the denom nator of the

ot her fraction.

B. Multiplying and Dividing Fractions

1. To multiply two fractions, nultiply the two nunmerators together and the
two denom nators together -- e.g., (AB) * (CD = AC/ BD.

2. Wen a fraction is multiplied by a whole nunber, only the nunerator is
multiplied -- e.g., C(A/ B) = (CA / B

3. To divide two fractions, invert the second one (the divisor), and then
mul tiply them

4. When a fraction appears in the nunerator of another fraction, the
denom nator of the fraction in the nunerator can be noved so that it rmultiplies
t he denom nator of the whole fraction. For exanple, (XY) / Z =X/ (Y2).

5. Wen a fraction appears in the denom nator of another fraction, the
denom nator of the denom nator can be noved so that it nultiplies the nunmerator --

e.g., X1 (Y2 =(X2) I Y.

C. Factoring
1. If a string of ternms being added and/or subtracted all contain a compn

term that termcan be factored out of each nmenber of the string and placed in

front of the entire expression, which is enclosed in parentheses -- e.qg.

AX + XY - BX = X(A + Y - B).
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2. If the nunerator and denomi nator of a fraction contain a termin conmon
that termcan be "canceled out" -- that is, the commpn termis renpved from both

the nunerator and denom nator (e.g., BX/ AB = X/ A).

D. Exponents and Square Roots

1. Exponents and square roots take precedence over other arithnetic
operations.

2. Taking the square root and squaring are opposite operations -- one can
undo the other (e.g., %X = X, and (%X)? = X).

3. Parentheses can be used to indicate that nore than one variable is to be
squared -- e.g., (XY)? = X*Y? However, the order between squaring and
addition/subtraction makes a difference -- e.g., (X+Y)? does not equal X* + Y? it
equal s X* + Y? + 2XY.

4. The previous point applies in a simlar way to taking the square root
(e.qg., %W(AB) = %A %B, but %(A+B) does not equal %A + %B.

5. If you square a fraction it is equivalent to squaring both the nunerator
and the denoninator -- e.g., (A/B)? = A%/B° |If you take the square root of a
fraction, it is equivalent to taking the square root of both the nunerator and

denom nator (e.g., %A/ B) = %A / %B).

E. Sol ving Sinple Equations

1. The nost fundanmental rule for solving equations is that whatever
operation is perforned on one side of the equation nust be perforned on the other
side, to preserve the equality.

2. If the equation consists of nunbers and only one (unknown) variable, the
equation can be solved by isolating the variable on one side of the equation

3. If the equation has several variables you may want to sol ve for one of
the vari abl es, which neans using the rules of algebra to isolate that variable on

one side of the equation.
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If X =2 and Y = 6, what
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Post Revi ew Qui z
I
3*4-2+28+7-5=7?
3* (4-2) +28+(7-5) =72
-17 - (-9) + (+11) + (-7) - (+4) = ?
(+5) * (-4) + (-10) =2
Convert 46 / 200 to a deci nal.
Convert .077 to a fraction.
What fraction corresponds to 0.66%
What percent of 140 is 3?
Express 0.42% as a decinal .

What is the value of 3.3 * 10°3%?

I
(4X [ 17) + (2Y | 17)

I
-~

(2AF) + (3B/GQ = ?

(7K1 M * (231 Q
(3X/ Y) + (4A ] ©

1
N

1
N

Simplify this fraction: (2RT + 3ST) / TW

What is the value of Bin the follow ng equation:

(3B/7 2) +7

Solve the follow ng equation for S: 4X = (5SS + 7R) / 2T.

(2y - 3x)° 9) (3Y/ X?

10)

%( 2XY?)

19.

21

is the value for each of the follow ng expressions?
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Answers to Diagnostic Quiz

2) +12 3) +12 4) -3 5) .12 6) 3/1000

7) 7/100 8) 18.6%  9) 4,100 10) .055

Part 11
1) (F- LS / &X 2) (KT +LS) / KS 3) RMO/ QFS 4) BY / CX
5 (X+P) / Q 6) 14 7) X=(24 - B) /| C 8) 121 9) 4 10) 90
Answers to Practice Exercises
Part |
A a) 14 b) 24 c) 32 d) 24 e) 64
B. a) -13 b) -6 c) -18 d) 98 e) -5
C. a) 202 / 10,000 b) 881 / 1000 c) .006 d) .0437 e) .85
D. a) 6.2% b) 28% c) 0.76% d) 995 / 1000 e) 95/ 100, 000
E. a) 3.8773 * 10° b) 3.01 * 10°® c) 2.9 * 10° d) 51, 600, 000
e) .000042
Part 11
A a) (X-3Y) [/ 4 b) (XY +5) /| RC c) (5PT + 3PQ / QT
d (2A- 65B) / 10 e) (4Y + 8X) |/ XY
B. a) AX/ B b) 5Y / 6X c) 2DG/ 3EF d 3X/ 7Y e) 3AB/ X
C. a) 6A + 3B + 12C b) 5B + Y c) 2X(Y + A+ 1) d) PR(IQ- 1/4 + 3S)

e) 3(C- Y) / 3AD=(C-Y) / A

9F°’ G b) 4X*/ 25Y? c) 4BC d) %(15 J K) e) (Y A

18 b) 20 c) Z=3X- 4 d zZ=5A/ 3B
e) Z=(2AC +5X) / B
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Answers to Post Review Quiz

Part |

1) 9 2) 20 3) -8 4) +2 5) 0.23 6) 77 / 1000

7) 66 / 10,000 8) 2.14% 9) .0042 10) .0033

Part 11

1) (4X + 2Y) [ 17 2) (2AG + 3BF) / FG 3) 14KJ / MQ 4) 3CX | 4AY

5) (2R + 3S) /| W 6) 8 7) (8TX - 7R/5 8) 36 9) 81 10) 12



