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Likelihood ratio decisions in memory:
Three implied regularities

MURRAY GLANZER, ANDREW HILFORD, AND LAURENCE T. MALONEY
New York University, New York, New York

We analyze four general signal detection models for recognition memory that differ in their distributional
assumptions. Our analyses show that a basic assumption of signal detection theory, the likelihood ratio decision
axis, implies three regularities in recognition memory: (1) the mirror effect, (2) the variance effect, and (3) the
z-ROC length effect. For each model, we present the equations that produce the three regularities and show, in
computed examples, how they do so. We then show that the regularities appear in data from a range of recogni-
tion studies. The analyses and data in our study support the following generalization: Individuals make efficient

recognition decisions on the basis of likelihood ratios.

In a typical recognition memory test, individuals con-
sider a series of test items presented in random order.
Some of the test items have been seen previously (old),
others are new, and the prior probability that an item is
old is 7. In the simplest case, the individuals are asked
to classify each item as “old” or “new,” and their per-
formance is measured by the proportion of correct
classifications.

Signal detection models of the recognition process as-
sume that the information available on a single trial can
be represented by a random variable X. The distribution
of this variable is fo(x) when the item is old (O) and fy(x)
when it is new (N). If X'is a continuous random variable,
fo(x) and fy(x) are probability density functions, whereas
if X is discrete, they are probability mass functions.!

Given X, the likelihood ratio (LR) for “old” over “new”

responses is
_ Jo(X)

NCo)
This ratio is a measure of the evidence in the data favoring
“old” over “new” (Royall, 1999). The likelihood ratio de-
cision rule compares the likelihood ratio in favor of “old”
with a fixed criterion,

LX) > B, @)

and returns an “old” response if the likelihood ratio ex-
ceeds f3, or otherwise returns a “new” response. If the
criterion S is set to (1 — s)/m (the prior odds in favor of
“new”), the resulting decision rule has the highest ex-
pected proportion of correct responses (Duda, Hart, &
Stork, 2001, p. 26; Green & Swets, 1966/1974, p. 23) of
any decision rule.

L(X) (1)

Even when the item information X is multivariate,
the LR rule converts the item information to a univari-
ate measure of evidence in favor of “old” over “new,”
and a simple comparison of the prior probabilities of old
and new items determines whether the evidence justi-
fies an “old” response. If there are more than two re-
sponse categories, the LR rule can be easily generalized
(Duda et al., 2001, chap. 2). If responses are allowed to
be graded (e.g., individuals give a confidence rating for
each choice), the LR rule is also easily generalized by
assuming that there are multiple criteria (Green & Swets,
1966/1974, pp. 40—43).

A more convenient form of the LR rule, which we will
use, replaces the comparison in Equation 1 with a compari-
son of log likelihoods. The resulting log-likelihood ratio (A)
rule leads to exactly the same decisions as the LR rule:

A =AX) > log(p), A3)

where, for convenience, we define A = A(X) as the ran-
dom likelihood corresponding to the random strength
variable X and

“4)

Alx) = log{ fo¥) }

In(®)

We refer to the latter function as the transfer function. It
maps from the evidence axis to the log-likelihood axis.
We emphasize that A = A(X) is a random variable—the
evidence available on each trial—whereas A(x) is a func-
tion that will prove useful in what follows.

The LR rule can be applied for any choice of the two
distributions fy(x) and fo(x) (Wickens, 2002, p. 165). In
work on recognition memory, these two distributions are
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typically assumed to be normal, differing in their means
and possibly their standard deviations:

()
fN(x)WﬁoNe 293 )
and
(n)
fo(x) = \/ﬁ%e 205 (6)

When og = oy = o, we refer to the model as equal-
variance normal. The LR for the equal-variance normal
case depends on the parameters o, iy, and o, and we can
set uy = 0 and o = 1 with no loss in generality. The sole
remaining parameter, i, is typically denoted d’. Even
though uq, tn, and o may have physical units, the quantity
d’ is unitless.

In the equal-variance normal case, the transfer function
is linear (see Appendix A for the derivation),

A(x) = d'x - 42'2 , %)

and the function that is inverse to the transfer function (the
inverse transfer function) is well defined (if d” # 0) and
is also linear,
=44 8
cn="+4 ®)
If d’ > 0, the linear transformation A(x) has positive slope,
and the strength rule

X>¢ ©)
is equivalent to the LR rule
MX) > Aco) = 4o (10)

obtained by transforming both sides of Equation 9 by the
strictly increasing function A(x).

In the equal-variance normal case, c(4) and A(c¢) each
have one parameter d’, the parameter that characterizes
the underlying distributions. We will write ¢(4) as just ¢
or A(c) as just A when there is no need to emphasize the
functional dependence.

The transfer function allows us to translate from the
strength-of-evidence axis to the log-likelihood axis. The
transfer equation is always well defined, but as we will
learn later, it need not be invertible in some of the models
discussed; either the inverse c(4) may not exist for some
values of A, or there may be multiple values of ¢ corre-
sponding to a single value of 4.

We will consider all rules that make exactly the same
decisions as the LR rule, given the same value X, as ex-
amples of the LR rule, and will refer to them collectively
as the LR rule (see Green & Swets, 1966/1974, p. 19).

Strength Models

Other models of recognition replace likelihood with a
measure of the strength (or familiarity) of items and make
the assumption that an “old” response will occur when the
strength exceeds a fixed criterion. Some strength models are

considered at length in the Discussion section below. How-
ever, if the postulated strength measure is just an increas-
ing function of the LR and the criterion is transformed in
the same fashion, the resulting strength/familiarity decision
rule would be mathematically equivalent to the LR rule.

In this article, we examine the hypothesis that the LR rule
is an accurate model for human performance in recognition
memory tasks. We show both that LR implies three strong
regularities in recognition memory and that these regulari-
ties are evident in a range of item recognition data. We also
derive transfer functions for signal detection theory (SDT)
on the basis of four distributional families and use these
transfer functions to characterize decisions on the basis of
an LR rule. Our general approach is described below, after
we review the elements and terminology of SDT as it is
used when modeling recognition memory tasks.

SDT: A BRIEF SURVEY

Here we introduce some signal detection terms and mea-
sures that will be used in the discussion that follows. Fig-
ure 1A is the signal detection representation of a recogni-
tion memory test with a distribution of new items, fy(x), on
the left and a distribution of old (studied) items, fo(x), on
the right. On each trial, a strength variable X is compared
with a fixed criterion ¢, leading to an “old” response if X >
o, Or a “new” response otherwise. We label the outcome of
atrial as a hit (H), p(H|O) = p(X > ¢(| O), when the item is
old [i.e., drawn from f(x)] and the response is “old.”

The conditional probability of a hit, P(H|O) = P(X >
¢o|0), is the area under /i (x) to the right of the criterion ¢,.
The area under fy(x) to the right of the criterion ¢ corre-
sponds to false alarms (FAs) (Green & Swets, 1966/1974,
p. 34). If the criterion is set at a point at which the “old”
and “new” distributions intersect, the criterion 5 in Equa-
tion 2 is equal to 1. We refer to this choice as unbiased; it
is represented by the middle vertical line in Figure 1A.

The terms Ait and false alarm are inherited from analy-
sis of binary old—new and yes—no tasks. More information
about individuals’ memory is obtained by asking them how
confident they are about their classification of an item as
new or old; they now respond by selecting a rating response
from an ordered set of ratings {R; < R, < --- <R,}. A
typical choice of ratings would range from 1 to 6, with 1 rep-
resenting most sure the item is old, and 6, most sure the item
is new. We assume that the rating responses are obtained by
settingup n — 1 criteriac; < ¢, < - -- < ¢,_1, represented
by the dotted vertical lines in Figure 1A. The criteria divide
the horizontal axis into bins. We assume that the rating cor-
responds to the bin that contains the strength variable X.

We can plot the probability of each response for an old
item versus the probability of the same response for a new
item as a receiver operating characteristic (ROC):

P(R<R;|0)=f[P(R< R, |O),i=1,....n— 1, (11)

where

P(RSRZ.\O):iifo(x)dx,izl,...,n—l 1)

P(R<R,|0)=1
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Figure 1. SDT representation of new and old item distributions for equal-variance normal and
unequal-variance normal distributions. (A) N and O equal-variance distributions. (B) N and O
unequal-variance distributions. (C) ROC, equal variances. (D) ROC, unequal variances. (E) z-ROC,
equal variances. (F) z-ROC, unequal variances.
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is the conditional probability that the rating R is R; or less
when the stimulus is old and

P(R<R, |N):_£fN(x)dx,i:1,...,n—1 03
P(RSR,[N)=1

is the conditional probability that the rating is R; or less
when the stimulus is new. The confidence rating ROC for
item recognition is a function relating the ratings of old
items to those of new items. The ROC for the distributions
in Figure 1A is shown in Figure 1C.

The ROC is often replotted on normalized (double prob-
ability) axes with proportions transformed into z scores.
Each proportion is transformed to z = ®~1( p), where ®(z)
is the cumulative distribution function of a normal random
variable with mean 0 and variance 1. When the data are
plotted on transformed axes, as shown in Figure 1E, the
resulting plot is called a z-ROC. Such a plot yields addi-
tional information about the two underlying distributions:
If the underlying distributions are normal or near normal,
the z-ROC will be a straight line with a slope of oy/0q.
The two distributions in Figure 1A are normal with the
same standard deviation and, therefore, the z-ROC is a
straight line with slope 1.

If the underlying distributions are normal or near nor-
mal and have unequal standard deviations, the z-ROC is
still a straight line, but the slope will not equal 1. It will in-
stead equal the ratio of the standard deviation of the “new”
distribution to that of the “old” distribution, on/0(.

The unequal-variance normal case is shown in the right
panels of Figure 1. In panel B, the “new” distribution has
on = 1 and the “old” distribution has o = 1.25. Panel D
shows the corresponding unequal-variance ROC, which is
now asymmetrical. The slope of the corresponding z-ROC
in panel F is oy/og = 1/1.25 = 0.8.

The decision axis used in most work on recognition
memory is not LR, but strength or familiarity. For the
simple cases presented in Figure 1, it is not obvious how to
determine whether memory decisions are based on the LR
rule or on a rule based on strength or familiarity that is not
equivalent to an LR rule. It will be possible to make this
determination when we consider the case of two-condition
recognition.

TWO-CONDITION RECOGNITION

There are many experiments in which individuals are
presented with two different kinds of items (e.g., high- vs.
low-frequency words) or two different study conditions
(e.g., single vs. repeated presentation) that produce a dif-
ference in accuracy. These two-condition experiments are
important because they show three regularities that are
produced by LR: (1) the mirror effect, (2) the variance
effect, and (3) the z-ROC length effect. We describe each
of these effects in turn.

1. The mirror effect. When two sets of items or condi-
tions in a recognition test produce a difference in accu-
racy and decisions are based on LR, the strong condition
(S) will give better recognition of old items as old, and

also better recognition of new items as new. In a yes—no
recognition test, this effect is seen in a mirror-symmetric
pattern of hits and false alarms:

FAS,N < FAW,N < HW,O < HS,O’ (14)

where a subscript S denotes strong, a W, weak, and N and
O, new and old, respectively. We will use a transparent
notation for such inequalities in which each term refers to
the proportion of “yes” responses:

SN < WN < WO < SO. (15)

There is extensive evidence for the mirror effect in the
literature (see, e.g., Glanzer & Adams, 1985), and later we
will document it further.

2. The variance effect. When two sets of items or con-
ditions in a recognition test produce a difference in ac-
curacy, decisions based on LR will affect the relative vari-
ances of the “new” distributions. That is, SN, the “new”
distribution of the strong condition, will have a larger
variance than WN, the “new” distribution of the weaker,
lower-accuracy condition. This is a novel general effect,
not previously noted in the literature. It is measured using
the slope of the z-ROC that plots SN item ratings against
WN item ratings, the new/new z-ROC. If the LR effect
holds, the slope will be less than 1.

Decisions based on LR also produce a parallel ef-
fect on the relative variances of the “old” distributions.
SO, the “old” distribution of the S condition, will have a
larger variance than WO, the “old” distribution of the W
condition. This effect is measured using the slope of the
old/old z-ROC, which plots the SO item ratings against
the WO item ratings. Again, if the LR effect holds, the
slope will be less than 1. The old/old z-ROC, however,
is also affected by another factor that complicates its in-
terpretation.2 We will therefore concentrate on the new/
new z-ROC, but will document the results for the old/old
z-ROC as well.

3. The z-ROC length effect. When decisions are made
on the basis of LR, the length of the z-ROC contracts as a
function of accuracy; the more accurate the condition, the
shorter the z-ROC. This was proved for the equal-variance
normal model by Stretch and Wixted (1998a).

We will show that these three diagnostic regularities re-
sult from LR decisions for four general models: the equal-
variance normal, unequal-variance normal, binomial, and
exponential models. Then, we will verify that the regulari-
ties characterize a wide range of experimental data. From
this point on, however, we will use the log-likelihood ratio
(A) in the discussion, for convenience. As noted above, the
decision rule A = A(X) > log(f3) of Equation 3 is equiva-
lent to the LR rule of Equation 2, but its use allows us to
present simpler equations.

As noted above, the log-likelihood ratio A = A(X) is a
function of a random variable X and is therefore a random
variable itself, with its own distribution, mean, and vari-
ance. The distribution of A is determined by the form of
the distribution of X and the function A( ). Our analyses
involve characterizing its distribution.

Note that we used ordinary linear regression to estimate
linear fits and obtain slopes for the computed examples
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of the models. There is no issue with using linear regres-
sion in this way. The ROCs are plots of one theoretical
distribution against another, and neither axis is affected
by random error.

We first discuss the equal-variance normal model.

Equal-Variance Normal Model

This model is of particular importance because it shows
the three equations that govern the regularities and their
derivation in a clear, simple form. The three equations
are the equations below for the mean (Equation 16), the
variance (Equation 17), and the criterion z scores (Equa-
tion 19). In the three models that follow—the unequal-
variance normal, the binomial, and the exponential—the
governing equations are more complex and require com-
putation for the demonstration of the regularities.

When fy(x) is normal with mean 0 and variance 1, and
fo(x) is normal with mean d” and variance 1, A is also nor-
mally distributed. The conditional means and variances
of A are

’2
E(A|N)= %
e (16)
E(A0)= @
and
Var(A | N) = Var(A |0) = d”2. (17)

These equations, together with Equation 7, produce the
three regularities. The derivations of the equations are
given in Appendix A. The keys to these derivations are the
transfer function A(c) and its inverse c¢(4), which are both
also derived in Appendix A.

Equation 16 leads to the mirror effect. Since d§ > dyy,
we have

E(A|N, S) < E(A|N, W) < E(A|O, W) < E(A|O, S). (18)

Note that these inequalities capture the order of the un-
derlying distribution means, which is only indirectly indi-
cated by the hits and false alarms of Equations 14 and 15.
As we show later, in the section on bias, hits and false
alarms do not always give an accurate picture of the un-
derlying means.

Equation 17 produces a new/new slope that is <1 (and
also an old/old slope <1). Since d§ > dyy, the slope of the
new/new z-ROC is dy,/d§ = oylog < 1.

Equation 8 (the inverse transfer function) produces the
z-ROC length effect. It implies that for the z scores of the
several criteria ¢ plotted in the standard z-ROC,

d _ A

(-4 =72 (19)

Therefore, for any fixed A, as d” increases, all cs converge
toward d’/2 and toward one another.

To illustrate these regularities, we present an example
of two-condition recognition for equal-variance normal
distributions in Figure 2. Panel A represents the initial
distributions of strength for SN, WN, WO, and SO. SO is
placed to the right of WO, representing greater accuracy.
SN and WN are not separated. It can be argued that new

items, because they have not been studied, cannot differ in
strength. We do not separate them here, in order to show
the effects of the A transformation clearly.?> SN and WN
are Normal(u = 0,0 = 1), WO is Normal(u = 1,0 = 1),
and SO is Normal(x = 1.75, 0 = 1). The selected crite-
riac were —2, —1,0, 1, and 2.

The plots in Figure 2A can be considered as plots of
raw information about strength and familiarity. We next
examine what happens when decisions are made on the
basis of A. When they are, the densities in Figure 2A are
redistributed on a A axis, as in Figure 2B. This produces
the three regularities, all of which can be seen in Figure 2;
next, we describe each one.

1. The mirror effect. When recognition decisions are
based on LR, the difference in accuracy produces a separa-
tion between SN and WN that mirrors the separation of SO
and WO. This effect can be seen in the modes of SN and
WN in Figure 2B. The distributions are now in a symmet-
rical, mirror array. The “new” distributions SN and WN,
which were originally in the same location in panel A, have
moved away from each other. The more accurate condition
S now generates an SO distribution to the right of WO, as
before, but also an SN distribution to the left of WN. The
effect follows from Equation 18, as we now describe. When
the densities in panel A are reassigned to form the distribu-
tions on the A axis in panel B, their means (and modes) be-
come d"?/2 for the “old” distributions and, symmetrically,
—d’?/2 for the “new” distributions. With a difference in
d’s between two conditions, the means of these A distribu-
tions are SN = —1.53, WN = —0.50, WO = +0.50, SO =
+1.53. With a centrally placed criterion, the proportions of
“yes” responses (false alarms to SN and WN, hits to WO
and SO) give the mirror effect: SN = .19 < WN = 31 <
WO = .69 < SO = .81.

2. The variance effect. The second regularity stems from
the effect of accuracy, d’, on the variance of A. As can be
seen in Figure 2B, the distributions with a higher d"—SN
and SO—show greater dispersion than the W distribu-
tions—WN and WO—which have a lower d’. Recall that
the initial distributions in panel A are all of equal variance.
When the distributions are transformed to A distributions,
their variances become a function of d’—namely, d"2. To
measure the change in variance induced when decisions
are based on A, we plot the new/new z-ROC of SN against
WN. The slope of this z-ROC measures the relative spread
of the two “new” distributions, because, as noted earlier,
the slope corresponds to the ratio of the standard devia-
tions. Panel D displays the SN/WN z-ROC for the given
parameters, with slope

d/

Ow w1 _gs7
oy, dg 175

Stated more generally, the slope of the new/new z-ROC for
two conditions that differ in accuracy will be less than 1.
This regularity follows from Equation 17.

3. The z-ROC length effect. The value d” governs not
only the mean and variance of the LR distributions, but
also the length of their z-ROCs. Assume that the same
five log-likelihood ratio criteria 4y, . . . , A5 delimit the
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Figure 2. Equal-variance normal model. (A) Four initial distributions—SN, WN, WO, and SO—on a
strength decision axis; SN and WN are not separate. (B) Distributions replotted on a log-likelihood ratio
decision axis. (C) Standard z-ROC:s for S (+) and W (¥). (D) New/new z-ROC.

response regions corresponding to the confidence ratings
on a six-point scale in both the W and S conditions. We
compute estimates AY, ..., AY of Ay, ..., A5 in the W
condition and estimates A?, e A? of Ay, ..., s in the
S condition. If we define the length of the z-ROC in the
W condition, €(W), to be AY — A} and the length in the S
condition, €(S), to be A — A3, it follows from Equation 19
that

dy dy,

w W
E[Z(W)]:EI:AS _Al }:/15_/11

(20)

S S
A —Al}:/ls—/ll.
S S

— 5
E[U(S)] = E{ Z Z

Since dy, < d§, E[€(W)] > E[{(S)].

The inverse relation of z-ROC length to d” can be seen
in Figure 2C. To measure the changes in length, the Eu-
clidean distances between the end points of each z-ROC
are computed and compared. The Euclidean distances are
€(W) = 3.24 and €(S) = 5.66, and the ratio of the two
lengths, 0.57, is equal to d,/dy.

The Unequal-Variance Normal Model
This is an important model because unequal-variance
normal models generally fit available recognition data

well. z-ROC slopes generally fall between 0.60 and 0.90,
averaging 0.80 to 0.85 (Glanzer, Kim, Hilford, & Adams,
1999, Table 3). Such slopes of less than 1 indicate that
0o > oy, or that the “old” distribution has a greater vari-
ance than its corresponding “new” distribution. Further
evidence of z-ROC slopes less than 1 is presented later, in
the section on survey data.

With unequal variances, however, the simple equations
of the equal-variance normal model become more com-
plicated and opaque. The complications are discussed in
detail in Appendix B, and the equations are derived there.
One key difficulty is that the transfer function A(c) is not
invertible over its full range. It is no longer easy to discern
the three regularities by looking at the equations for the
mean, variance, and criteria, but Appendix B shows that
the regularities appear despite the complications. We can
show, moreover, by computation that the regularities still
hold for the typical conditions of recognition memory ex-
periments. To do that, we need to modify the equal-variance
example of Figure 2, assigning a different o to each “old”
distribution. SO is now Normal(x = 1.75, o = 1.25), and
WO is now Normal(x = 1, 0 = 1.15). SN and WN remain
as Normal(x = 0, 0 = 1). The changes in o for SO and WO
conform to findings in the literature of a larger o for the SO
distribution (Glanzer et al., 1999). The selected criteria c;
are —1.4, —1,0, 1, and 2. (The complications introduced by
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unequal variances, discussed in Appendix B, do not permit
us to use a criterion of —2 as in the equal-variance normal
example.) The results for this unequal-variance example
are shown in Figure 3. The variances of the underlying SO
and WO distributions in panel A now differ initially on the
strength axis, but the three regularities hold.

1. The mirror effect. There is a slight change in the hit
and false alarm rates, but the mirror pattern holds: SN =
20 <WN = .27 < WO = .63 < SO =.75.

2. The variance effect. Although SN and WN start with
identical distributions, as in panel A, when converted to A
distributions, SN shows greater dispersion than does WN,
as seen in panel B. The slope of new/new z-ROC, shown in
panel D, is therefore less than 1—namely, 0.57.

3. The z-ROC length effect. The z-ROCs in panel C show
the reduction in the length of the z-ROC that accompanies
an increase in d’. The length of the S z-ROC is 3.08, but
the length of the W z-ROC is 5.63.

The Unequal-Variance “Problem”

It is necessary to consider the unequal-variance normal
model because recognition memory data show unequal
variances. Unequal variances, as we have seen, introduce
complications. The effect of the complications, however,
is minor. Only small changes are introduced in the regu-
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larities in moving from the equal- to the unequal-variance
normal model. This is true for the following reason.

When the “old” distribution has a larger variance than
the “new” distribution, there are two points of intersection
between the two distributions. For conditions typical of rec-
ognition memory experiments, one is near the midpoint be-
tween the two distributions (before the A transformation),
and the other is far out in the leftmost tails of the distribu-
tions. We can compute the positions of both intersections
by solving a quadratic equation (see Appendix B, as well as
Stretch & Wixted, 1998a). For the distributions in Figure 3,
the density beyond the second, leftmost intersection is neg-
ligible; the effect of the second intersection in distorting the
regularities would not be measurable. To further explore the
effects of unequal variance, we redid the example in Fig-
ure 3 with the most extreme values, 1.61 and 1.92, found in
the survey that we report below (as reflected in the slopes of
W, 0.62, and S, 0.52). When we did this, all three regulari-
ties held. See also the discussion in Appendix B.

The Binomial Model

Another distribution that has been used in the theo-
retical analysis of recognition memory is the binomial
(Glanzer, Adams, Iverson, & Kim, 1993). It is introduced
here to show that the three regularities appear with other

B
5
SN WN WO SO
> 4 "\
= Ve
7] e
R A
S PRy
= PFEN G *
o 1% % >,
9 1 ﬂ‘ %, *"-,
a - % N & .
I B\ 4.,
Fy S -
O CLA-. i -
-2 0 2 4 6 8
Log Likelihood
D
5 7
rd
s
s
s
s
s
,I
(V2]
Pl
% 0 I’X .
=z L7
N )\, N
a
g
rd
’f
P Slope 0.57
-5 P L
) 0 5
zNew W

Figure 3. Unequal-variance normal model. (A) Four initial distributions—SN, WN, WO, and SO—on a
strength decision axis; SN and WN are not separate. (B) Distributions replotted on a log-likelihood ratio
decision axis. (C) Standard z-ROC:s for S (+) and W (¥). (D) New/new z-ROC.
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distributions: They are general. The mean, variance, and
criteria equations for the binomial are presented in Appen-
dix C. As in the unequal-variance case, they are opaque,
in that their relations to the regularities are not clear from
simple examination; computation is required. The ex-
ample represented in Figure 4 is based on the following
binomial parameters: p(SN) = p(WN) = .10, p(WO) =
.12, p(SO) = .15, N = 100.

The selected criteria were —2, —1, 0, 1, and 2. The same
effects appear as for the normal distribution models: the
mirror effect, the z-ROC length effect, and the new/new
slope effect. The equations that produce these effects are
presented in Appendix C.

1. The mirror effect. This effect can be seen in the modes
of Figure 4B. The hits and false alarms show the mirror ef-
fect: SN = .30 < WN = 42 < WO = .67 < SO = .76.

2. The variance effect. This effect can be seen in panel D.
The new/new slope is less than 1—namely, 0.39.

3. The z-ROC length effect. This effect can be seen in
panel C, with €(S) = 3.45 < {(W) = 9.16.

The Exponential Model
The preceding three models have similar distributions.
We can further demonstrate the generality of the effects of
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the LR rule by showing that it produces the three regulari-
ties with a very different distribution, the exponential:

-1
o (x) = Toe/o, x>0
0, x<0 24)
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x)= ’
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b}

This SDT model has been discussed by Green and Swets
(1966/1974, pp. 78-81).

The equations for the mean, variance, and criteria for
the exponential distribution, along with their derivations,
are presented in Appendix D. Figure 5 displays an ex-
ponential example. The parameters for this example are
7y = 1 for the single “new” distribution, 7yq = 4 for the
WO condition, and 745 = 12 for the SO condition. The
selected criteria ¢ are —1.2, —1, 0, 1, and 2. (The expo-
nential model limits the range of possible criteria.)

1. The mirror effect. It is no longer possible to look at
the modes of the four A distributions in Figure 5B, as in
the preceding models, to see the mirror effect. The effect,
defined now by the intersection of WN with WO and the
intersection of SN with SO, still appears, though.
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Figure 4. Binomial model. The distributions and other functions shown are discrete, but we connect the
discrete points by lines to make them more readily interpretable. (A) Four initial distributions—SN, WN,
‘WO, and SO—on a strength decision axis; SN and WN are not separate. (B) Distributions replotted on a
log-likelihood ratio decision axis. (C) Standard z-ROC:s for S (+) and W (¥). (D) New/new z-ROC.
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Figure 5. Exponential model. (A) Four initial distributions—SN, WN, WO, and SO—on a strength deci-
sion axis; SN and WN are not separate. (B) Distributions replotted on a log-likelihood ratio decision axis. It
is not possible to see the mirror effect in the modes of these distributions, because all have modes at the left
border. To identify the distributions, the order of the intercepts is listed from the highest (left) to the lowest
(right). (C) Standard z-ROC:s for S (+) and W (¥). (D) New/new z-ROC.

The computed hits and false alarms show the pattern
clearly: SN = .07 < WN = .16 < WO = .63 < SO = .80.

2. The variance effect. The variance effect is seen in the
slope of the new/new z-ROC in Figure 5D. This slope, 0.59,
is less than 1.

3. The z-ROC length effect. Figure 5C shows the z-ROC
length effect. The lengths are €(S) = 1.28 and €(W) =
2.36.

Summary Statement on the Models

Exploration of models based on other distributions—
namely, the hypergeometric and poisson distributions—
shows that the three regularities appear with them, as well.
As Wickens (2002, p. 165) emphasized, the likelihood
ratio test does not require that the underlying distribu-
tions have any particular form. This demonstration that
the same trio of regularities are produced for exponential
as well as for normal and binomial distributions leads us
to make the following conjecture: For a wide range of un-
derlying distributions, including those considered here,
decisions made on the basis of LR will produce the same
three regularities. The range of these distributions remains
to be fully specified. However, in Appendix E, we set out

necessary criteria for an SDT model of recognition mem-
ory to exhibit the regularities.

We turn now to available data for evidence of the three
regularities.

DATA DEMONSTRATING THE
THREE REGULARITIES

We searched for ROC data from two-condition recog-
nition memory experiments that met three requirements:
The two conditions must (1) differ in accuracy, (2) appear
in within-subjects experiments, and (3) include two iden-
tifiable sets of new items.

The reason for the first requirement is obvious. The
second requirement made it reasonable to assume that the
same criteria were maintained for the two experimental
conditions. The third was necessary to permit evaluation of
the new/new slope effect and the mirror effect. Not all two-
condition experiments satisfy this requirement.* We ana-
lyzed all experiments that we found that met these criteria.

This search produced a total of 36 experiments. Of these,
33 had confidence rating ROCs, and 3 had binary ROCs
(Elam, 1991, Experiment 3; Ratcliff, Sheu, & Gronlund,
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Figure 6. Sample analysis of data from Arndt and Reder (2002), Experiment 1. (A) Standard z-ROCs for

S (+) and W (*). (B) New/new z-ROC.

1992, Experiments 1 and 2).> In most cases, the numeri-
cal data were available for analysis. For five of the studies
(Elam, 1991; Gehring, Toglia, & Kimble, 1976; Gron-
lund & Elam, 1994; Stretch & Wixted, 1998b; Yonelinas,
1994), proportions of responses were computed on the
basis of the available ROC plots. In all cases, we used the
group ROCs obtained by summing across the individual
participants. In several cases, the experiments were facto-
rial. For example, Ratcliff, McKoon, and Tindall’s (1994)
Experiment 3 tested both short versus long lists and single
versus repeated presentations. We used the ROC data from
each of these two variables, evaluating the effects of list
length and repetition separately. In two studies (Gehring
et al., 1976; Heathcote, 2003), more than one group was
included in a single experiment. We combined the results
for those groups in the summary.

In most cases, the experimental variable was within-
lists—for example, with the study and test lists each
containing both high- and low-frequency words. In some
cases, the experimental variable was between-lists—for
example, the same participants studying separate short
and long lists, each of which was followed by a test list
(e.g., the pure lists of Ratcliff et al., 1994). Both of these
paradigms satisfy the third requirement noted earlier: They
furnish two identifiable classes of new items that can be
paired with the two identifiable classes of old items.

On this basis, we obtained a total of 48 cases. Each was
analyzed for hits and false alarms and fitted with z-ROCs,
as in Figure 6. The z-ROCs permitted calculation of the
measures presented in Tables 1 and 2. We used simple lin-
ear regression to obtain the slopes in Table 1 and both the
slopes and intercepts in Table 2. It has been shown (Glan-
zer et al., 1999, p. 501) that statistics derived by using
linear regression in this way differ negligibly from those
derived from procedures that take account of error on both
the x- and y-axes (e.g., maximum likelihood estimates).

All of the analyses are of group ROC data. We com-
pared the group findings with findings based on individ-

ual ROCs for two of the data sets reported here and